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Training Neural Samplers via Stochastic Optimal Control (SOC)

I Aim: Given an energy function E : X → R (X can be continuous Rd or discrete {1, ..., N}d) and
inverse temperature β > 0, sampling from the target distribution

π(x) = 1
Z

e−βE(x),

by learning a sampler parameterized by neural networks.

I SOC approach: Let Pref be a memoryless reference path measure such that:

Pref
0,T (X0, XT ) = Pref

0 (X0)Pref
T (XT ) = µ(X0)ν(XT ).

Then one can define the following optimal path measure:

P∗ := argminPθ: Pθ
0=µ

[
−EPθ(X) r(XT ) + KL(Pθ‖Pref)

]
=⇒ P∗(X) = 1

Z
Pref(X)er(XT ), where r := −βE − log ν; P∗0 = µ, P∗T = π.

Continuous SOC (SDE):

min
θ

EX∼Pθ

[∫ T

0

1
2
‖uθ

t (Xt)‖2dt− r(XT )

]
,

s.t. Pθ : dXt = (bt(Xt) + σtu
θ
t (Xt))dt + σtdWt, X0 ∼ µ.

Discrete SOC (CTMC): let Qref
t (x, xi←n) = γ(t)

N 1xi=M,n6=M, and parameterize Qθ
t (x, xi←n) =

γ(t)sθ(x)i,n1xi=M,n6=M, where sθ(x) is a d × N matrix whose each row is a probability vector.

The noise schedule γ(t) > 0,
∫ T

0 γ(t)dt =∞.

min
θ

EX∼Pθ

∫ T

0

∑
y 6=Xt

(
Qθ

t log
Qθ

t

Qref
t

−Qθ
t + Qref

t

)
(Xt, y)dt− r(XT )

 ,

s.t. X = (Xt)t∈[0,T ] is a CTMC on X with generator Qθ, X0 ∼ pmask,

SOC Solvers based on Cross-entropy

I Cross-entropy (CE) objective: minimize the forward KL by importance sampling:

KL(P∗‖Pθ) = EPθ̄

dP∗

dPθ̄
log dP∗

dPθ
∝ −EPθ̄

(
er(XT )dPref

dPθ̄
(X)

)
log Pθ(X).

I Weighted Denoising Cross-Entropy (WDCE) objective: CE is theoretically sound but path-

storage heavy. WDCE replaces path log-likelihood with denoising score/bridge matching while

preserving the same target objective (up to constants). Practical training stores terminal pairs

(XT , w) with w ∝ dP∗
dPθ̄

(X) and treat them as weighted samples from P∗.

Mode Collapse

When Pθ is far from P∗, a few high-weight trajectories dominate updates. The model then reinforces

already discovered basins and misses others.

Example (Ising, 24× 24, β = 0.6): WDCE quickly collapses to one mode and keeps reinforcing it.

Proximal Diffusion Neural Sampler (PDNS)

Instead of one-shot global fitting, PDNS performs proximal point updates on path measures:

Pθ∗k = arg min
Pθ

(
−EPθ r(XT ) + KL(Pθ‖Pref) + 1

ηk
KL(Pθ‖Pθk−1)

)
.

I Proposition

1. The optimal solution of the above problem is

Pθ∗k ∝ (Pθk−1)
1

ηk+1(P∗)
ηk

ηk+1 ⇐⇒ dPθ∗k

dPθk−1
∝
(

dP∗

dPθk−1

) ηk
ηk+1
∝

(
er(XT ) dPref

dPθk−1
(X)

) ηk
ηk+1

.

2. Assume for all k ≥ 1, the subproblems are solved to optimality and let Pθ0 ← Pref . Denote Pk

as the corresponding path measure Pθ∗k, which satisfies Pk ∝ (Pk−1)
1

ηk+1(P∗)
ηk

ηk+1. We thus have

Pk ∝ (Pref)λk(P∗)1−λk, where λk :=
k∏

i=1

1
ηi + 1

.

This implies Pk converges to P∗ if λk → 0. Moreover,

Pk(X) ∝ Pref(X)e(1−λk)r(XT ) ∝ Pref(X)π
1−λkνλk

ν
(XT ),

i.e., the terminal distribution of Pk is Pk
T ∝ π1−λkνλk.

PDNS Made Practical

Denote Pk∗ ∈ {Pθ∗k,Pk} as the optimal solution to the current subproblem at iteration k.

Proximal WDCE (continuous):

KL(Pk∗‖Pθ) = E
X∼Pθ̄k−1

dPk∗

dPθ̄k−1
(X)Et∼Unif(0,T )

[
1
2
‖uθ

t (Xt)− σt∇ log Pref
T |t(XT |Xt)‖2

]
.

Weights : dPref

dPθ̄k−1
(X) = exp

(
−
∫ T

0

1
2
‖uθ̄k−1

t (Xt)‖2dt + u
θ̄k−1
t (Xt) · dWt

)
.

Proximal WDCE (discrete):

KL(Pk∗‖Pθ) = E
X∼Pθ̄k−1

dPk∗

dPθ̄k−1
(X)Eλ∼Unif(0,1)

1
λ
Eµλ(x̃|XT )

∑
d:x̃d=M

− log sθ(x̃)
d,Xd

T

 .

Weights : dPref

dPθ̄k−1
(X) = exp

 ∑
t:Xt− 6=Xt

log 1/N

sθ̄k−1
(Xt−)

i(t),Xi(t)
t

 .

Iterating local steps drives Pθ∗k → P∗. Small ηk: conservative updates, better mode coverage;

Large ηk: faster convergence, higher collapse risk.

Predefined scheduler: decrease λk (equiv. increase effective step size); Adaptive scheduler:

pick ηk by controlling estimated KL gap between adjacent targets, e.g., choosing ηk s.t.

K̂L(Pθk−1‖Pk∗) ≤ ε

Experiments

�Sampling particle-based continuous energy functions

�Sampling the molecular Boltzmann distribution of the alanine dipeptide

�Comparison of torsions between PDNS and reference of the alanine dipeptide

�Sampling from Ising and Potts models at critical and low temperatures

�Ablation on proximal step size ηk and the choice of the scheduler
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