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I Continuous-time Markov chains (CTMCs)

Let X = [N ]D and (Xt)t∈[0,1] be a CTMC with transition rate rt(y, x), i.e.,
rt(y, x) = limh→0

1
h(Pr(Xt+h = y|Xt = x)− 1y=x).

Aim: learn to sample from a target distribution ν on X by learning a

CTMC to transport a simple prior distribution µ to ν.

I SB problem

Let rt(y, x) and ut(y, x) denote the reference and controlled transition rates,
and write pr and pu for their induced path measures. Assume pr

0 = pu
0 = µ.

Consider the following SB problem:

min
u s.t. pu

1=ν

{
KL(pu‖pr) = EX∼pu

∫ 1

0

∑
y 6=Xt

(
ut log ut

rt
+ rt − ut

)
(y, Xt)dt

}
.

The optimal transition rate satisfies

u?
t (y, x) = ϕt(y)

ϕt(x)
rt(y, x), ∀y 6= x,

where the SB potentials (ϕt, ϕ̂t) satisfy

ϕs(x) =
∑

y

pr
t|s(y|x)ϕt(y), ϕ̂t(x) =

∑
y

pr
t|s(x|y)ϕ̂s(y), ∀0 ≤ s < t ≤ 1.

and the optimal path measure p? satisfies

p?
t = ϕtϕ̂t,

p?
t|s(x|y)

pr
t|s(x|y)

= ϕt(x)
ϕs(y)

,
p?

s|t(y|x)
pr

t|s(x|y)
= ϕ̂s(y)

ϕ̂t(x)
.

I SOC formulation and SB-SOC equivalence

min
u s.t. pu

0=µ

{
KL(pu‖pr) + EX∼pug(X1)

}
.

Choosing g ← log ϕ̂1
ν yields the same optimal u? as SB.

This turns terminal marginal matching into a tractable terminal cost.

Discrete Adjoint Schrödinger Bridge Sampler (DASBS)

� Reference path measure and additive structure

We use the uniform reference rate:

rt(y, x) = γt

N
1dH(x,y)=1, x 6= y ∈ [N ]D,

and view X = [N ]D as the cyclic group ZD
N . Then the reference transition

is additive: pr
1|t(y|x) = qt(y − x).

� Key identities

Define controller Φ?
t (x)d,n = ϕt(xd←n)

ϕt(x) , and corrector Φ̂?(x)d,n = ϕ̂1(xd←n)
ϕ̂1(x) . We

discover the following key identities for developing training losses:

Controller adjoint matching (AM):

ϕt(y)
ϕt(x)

= Ep?
1|t(x1|x)

ϕ1(x1 + y − x)
ϕ1(x1)

,
ϕ1(xd←4

1 )
ϕ1(x1)

= ν(xd←4
1 )

ν(x1)

/
ϕ̂1(xd←4

1 )
ϕ̂1(x1)︸ ︷︷ ︸

=Φ̂?(x1)d,4

.

Corrector adjoint matching (AM):

ϕ̂1(z)
ϕ̂1(y)

= Ep?
t|1(x|y)

ϕ̂t(x− y + z)
ϕ̂t(x)

,
ϕ̂0(xd←�)

ϕ̂0(x)
= µ(xd←�)

µ(x)

/
ϕ0(xd←�)

ϕ0(x)︸ ︷︷ ︸
=Φ?

0(x)d,�

.

Corrector denoising matching (DM):

ϕ̂1(z)
ϕ̂1(y)

= Ep?
t|1(x|y)

pr
1|t(z|x)

pr
1|t(y|x)

.

Alternating Training (ASBS-style)

At stage k, update controller Φ(k) and corrector Φ̂(k):

Φ(k) := argmin
Φ

EtwtEp
sg(rΦ)
0,1 (x0,x1)

pr
t|0,1(x|x0,x1)

D∑
d=1

∑
n6=xd

Df

(
ϕ1(xd←xd

1+n−xd

1 )
ϕ1(x1)

∥∥∥∥∥Φt(x)d,n

)
,

Φ̂(k) := argmin
Φ̂

E
p

sg(rΦ(k))
0,1 (x0,x1)

D∑
d=1

∑
n6=xd

1

Df

(
ϕ̂0(xd←xd

0+n−xd
1

0 )
ϕ̂0(x0)

∥∥∥∥∥Φ̂(x1)d,n

)
,

or Φ̂(k) := argmin
Φ̂

EtwtE
p

sg(rΦ(k))
0,1 (x0,x1)
pr

t|0,1(x|x0,x1)

D∑
d=1

∑
n6=xd

1

Df

(
pr

1|t(x
d←n
1 |x)

pr
1|t(x1|x)

∥∥∥∥∥Φ̂(x1)d,n

)
.

Additional Theory and Insights

� Adjoint matching (AM) vs. denoising matching (DM)

DM holds for general pr
1|t, but AM requires additive transitions pr

1|t. AM

regresses onto target-side ratios and provides stronger supervision than

kernel-score DM. The continuous analog is as follows: for continuous

random vectors x, y ∼ p(x, y),

Ep(x|y)∇x log p(x)︸ ︷︷ ︸
for additive p(y|x), target matching

= ∇y log p(y) = Ep(x|y)∇y log p(y|x)︸ ︷︷ ︸
for general p(y|x), denoising matching

.

� Unified view of adjoint matching

Across continuous and discrete spaces, AM is feasible when reference

dynamics admits additive noise. It is a fixed-point iteration driven by a

target matching objective converging to the optimal p?.

� Convergence guarantee (fixed-point view)

Each alternating step solves a half-bridge projection: controller update

gives a forward half bridge, and corrector update gives a backward half

bridge. Convergence is guaranteed by iterative proportional fitting.

Experiments

♣ Learning to sample from Ising models

DASBS achieves competitive sample quality and significantly faster

training among uniform-based neural samplers.

Efficiency gain comes from first-order oracle supervision, simple

matching objectives, and memory-light training.

♣ Ablation study of AM v.s. DM on Potts model
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AM converges substantially faster than DM under comparable settings.

Non-memoryless schedules can further improve quality over

memoryless choices.
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