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of Score-Based Generative Models
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Abstract

Score-based generative models leverage a neural network to approximate the
score function of the data distribution and employ stochastic or ordinary differen-
tial equations to sample from the learned model, which have achieved state-of-the-
art performance in tasks such as text-to-image generation and audio synthesis. To
elucidate and demystify their empirical success, we investigate their approximation
properties in this paper, and focus on two main algorithms: the inexact Langevin
Monte Carlo (LMC), and the diffusion models. We establish convergence guarantees
of inexact LMC in various metrics (e.g., total-variational distance, Wasserstein-2
distance, and Rényi divergence) under different assumptions of accuracy in score
estimation (namely, accuracy in the sense of L, L?, and moment generating func-
tion). We also provide a comprehensive review of different approaches to analyze the
approximation properties of diffusion models, including the variational approach,
the Fokker-Planck approach, the Girsanov approach, the L — L? approach, the
restoration-degradation approach, and the KL divergence decomposition approach.
Our analysis reveals that under mild assumptions of the target distribution and the
discretization scheme, score-based generative models can arbitrarily approximate
the target distribution provided that the score estimate is sufficiently precise, which
partially sheds light on the theoretical foundations of score-based generative models.
Keywords: score-based generative models, inexact Langevin Monte Carlo, diffu-

sion model, approximation, convergence.
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1 Introduction

Generative modeling aims to learn the complex distribution of real-world data in high
dimensional spaces using models that are tractable to train and sample from. Two preva-
lent approaches are: (i) likelihood-based models, such as normalizing flow [DKB14; RM15;
DSDB17; KD18] and variational autoencoder (VAE) [KW14; BGS16; VK20], which ex-
plicitly define and optimize a likelihood function to quantify the model’s fit to the data,
but they often encounter the challenge of computing the intractable normalizing constant
and have limited expressiveness due to the explicit likelihood formulation; (ii) implicit
models, such as generative adversarial network (GAN) [Goo+14; NCT16; ACB17], which
use a generator to transform a simple distribution (e.g., standard Gaussian) to the data
distribution and a discriminator to distinguish between the real and generated data, using
an adversarial training scheme, but they often suffer from mode collapse and vanishing
gradient issues.

Score-based generative models [SE19; SE20; Son+21b] adopt a different paradigm
to model the target distribution and sample from it. They use a neural network to
represent the score (the gradient of the log-density) of the probability distribution, which
can be efficiently trained via score-matching and its variants. To generate samples from
the learned score network, they typically employ stochastic differential equations (SDEs)
such as Langevin dynamics. Score-based generative models have demonstrated state-of-
the-art performance in various domains and tasks, such as image synthesis [Son+21b;
DN21; Men+22], video [Ho+22], audio [Kon+21], text-to-image generation [Ram-22],
molecule generation [Xu+22al], and medical image analysis [CY22]. For a comprehensive
overview, see [Yan-+22].

Despite their empirical success, score-based generative models lack a rigorous theo-
retical foundation. A key question that motivates both practical and theoretical research
is to elucidate the mathematical principles that underlie their performance. In this pa-
per, we will focus on one specific theoretical aspect: the approximation guarantee, i.e.,
whether near-accurate score estimations imply that score-based generative models con-
verge to the true data distribution. As we will demonstrate in Section 2, the sampling
quality of score-based generative models is affected by multiple sources of error. A careful
analysis of these sources of error is essential to understand the approximation guaran-
tee. We begin by investigating sampling from a target probability density using inexact
Langevin Monte Carlo (LMC), which is a feasible way of simulating the SDE of Langevin
dynamics with an approximate score parameterized by a neural network. The inexact
LMC underpins other sampling methods in score-based generative modeling, and thus it
constitutes a fundamental step towards understanding these models. Next, we examine
diffusion models, which exhibit remarkable ability to capture real-world data distribu-
tions and form the backbone of the state-of-the-art large-scale generative models such as

DALL-E 2 [Ram+22]. The main question we explore in this paper is:
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How can we measure the discrepancy between the target distribution and

the output distribution, considering all the sources of error?

Roadmap of the Paper. See Appendix A for the notations and definitions of con-
cepts used in the paper. Section 2 provides background knowledge on score-based gener-
ative learning, including inexact LMC, score-matching, and diffusion models. Section 3
analyzes inexact LMC and discusses and compares the results, while Section 4 deals with
diffusion models. Section 5 concludes the paper and suggests some future directions. The
proofs of the main theorems are in Appendix B and the supplementary lemmas are in
Appendix C. We provide detailed proofs for all the new results in this paper. For the
results that have been proved in previous works, we only sketch the proofs to highlight
their main ideas and insights, and refer interested readers to the original papers for full
proofs. However, we will correct some parts of the proofs if there are significant errors in
the original papers (e.g., Theorems 4 and 6).

Contributions. Theorem 2 presents a new non-asymptotic bound in Wasserstein-2
distance for inexact LMC with L>- and L*-accurate scores. Theorem 3 provides the first
convergence guarantee for inexact LMC with MGF-accurate scores in Rényi divergence.

Prior Works. Though there are extensive prior works studying the convergence guar-
antee of LMC, e.g., [Ebell; DT12; Ebel6; VW19; DMM19; EHZ22; Che+22; LZT22],
there has only been few works focusing on the convergence of inexact LMC, e.g., [BMR20;
LLT22; WY22]. In practice, when the score function is parameterized by a neural net-
work which is trained by score-matching and its variants, the estimated score function is
only accurate in L? (defined in Section 3), which poses a great challenge for the analysis
and deserves careful treatment. For the diffusion models, [HL.C21] and later [Son+21a]
adopted a variational perspective and established a weak relationship between the er-
ror of score network and the log-likelihood of output distribution through a VAE-like
variational lower bound. [De +21; De 22| are two of the early works focusing on ap-
proximation capability of diffusion models, but their analyses are based on L°°-accuracy
assumptions and their bounds are exponential with respect to problem parameters. The
first polynomial bound for L*-accurate scores is given by [LIT22] using the L™ — L?
approach, assuming the target distribution satisfies log-Sobolev inequality, which is later
generalized in [LLT23] to all distributions with bounded support or sufficiently decaying
tails. [Che+23b] adopted the Girsanov approach and derived a bound in TV distance
of the OU process and the critically-damped Langevin diffusion [DVK22b] under very
mild assumptions on target distribution. [KFL22] reached the first convergence result in
Wasserstein-2 distance via the Fokker-Planck approach and corroborated it by numerical
experiments. [CLL22] derived an improved bound in KL divergence of OU process for
general target distributions under several smoothness settings. [CDD23] derived the first
polynomial bound of sampling from the probability-flow ODE (see Section 2) with accu-
rate scores using the restoration-degradation approach, while [Che+23c] went one step

further by taking score approximation error into consideration. Additionally, [KHR23;
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Che+23a; PMM23] provide further results on this topic.
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2 Background on Score-Based Generative Modeling

The term score refers to the gradient of the log-density of a probability distribution.
Score-based generative modeling refers to the generative models that first estimate the
score of the target distribution and then use SDEs or ODEs to sample from it. We
mainly discuss two important algorithms: inexact Langevin Monte Carlo and diffusion

model. See Yang Song’s PhD dissertation [Son22| for a comprehensive review.

2.1 Inexact Langevin Monte Carlo and Score-Matching

Let 7 < ¢V be the target distribution and s, = Vlegm = —VV be its score. The
Langevin dynamics (also known as Langevin diffusion) is the solution ()A(Jt)te[om) of
the SDE

dX, = s.(X,)dt + v2dW,, (1)

where (W})ic[0,50) is the d-dimensional Brownian motion. Under mild conditions, this SDE
has a unique stationary distribution 7. In practice, we can simulate Equation (1) using

the Fuler-Maruyama scheme with a small step size h > 0:
X (ksiyh = Xin + hsz(Xin) + V2(Woeenyn — Win), Xo ~ To. (2)

For convenience, we can define an interpolated process as the following SDE, which is
equivalent to Equation (2) at all kh, k > 0:

t

dYt = Sﬂ<yt7)dt + \/ith, t_ = \‘h

J hy X, ~ 7. (3)
Roughly speaking, when V is convex and smooth, and h is sufficiently small, 7,
converges to m as k — oo. This is the Langevin Monte Carlo (LMC) algorithm. See
[Che22] for a thorough review of the convergence analysis.
But when we only have i.i.d. samples from 7 but not the closed form of s,, we need
to estimate s, by a function s : R? — R? from a certain family (e.g., neural networks). A

typical method for training s is score-matching [Hyv05]: by minimizing
E. [lIs — s«|’] = Ex [|Is||” + 2V - 5] + const,

where “const” represents a term independent of s. Other methods include denoising score-
matching [Vinl1] and sliced score-matching [Son+19], which we do not discuss in detail.
The inexact LMC, denoted {X; ~ 7 }1c(0,00), is the SDE that replaces the true score s,
in LMC with the estimated score s:

dX, = s(X,_)dt + V2dW,. (4)
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2.2 Diffusion Models

Diffusion models [SD-+15; HJA20; SME21; Son+21b] are based on a simple idea:
gradually adding noise to the data distribution and recovering the data from noise step
by step. To achieve this task, they involve two processes: the forward process, which
transforms the data distribution into a noise distribution, and the backward process, which
recovers the data distribution from the noise distribution.

The forward process {y:},c( 1 is the solution to the following SDE:

dy; = fi(y)dt + g,d By, (5)

where (B,)cjor] is a d-dimensional Brownian motion, f : [0,7] x R? — R% and g :
[0,T] — R™4' Denote the marginal distribution g ~ ¢ and the transition distribution
[Yiolye, = Y] ~ Gty (|y) for ta > 1. o = Paata is the data distribution and gr = pprior
where ppior is a distribution that is easy to sample from, e.g., Gaussian distribution.

According to [Son+21b], two common choices of f and g are:

1. Variance-exploding SDE (VESDE), derived from score matching Langevin diffusion
(SMLD, [SE19; SE20)):

d 2
dy, = %dBt, 0=o09 "or>1 (6)

The transition distribution is y;|yg ~ N (yo, Uf]), and porior & N (0, cr%]).

2. Variance-preserving SDE (VPSDE), derived from denoising diffusion probabilistic
models (DDPM, [HJA20]):

1
dy, = —§ﬁt3/tdt + \/EdBu B > 0. (7)

The transition distribution is y;|yg ~ N (oztyo, ol l ), in which

1 t
& = exp (—5/ ﬁudu>, o =I-al,
0

and pprior = V4. A special case of VPSDE is the Ornstein-Uhlenbeck (OU) process”
with 8; = 2. In this paper, we will mainly focus on the case where the forward
process is VPSDE.

[And82; HP86] proved that under mild conditions, the time-reversal of Equation (5),

Here we assume that g is a matrix. In most applications (e.g., VESDE or VPSDE, discussed later),
g is chosen as the identity matrix multiplied by a positive scalar.

2If we only focus on the marginal distribution, then the VPSDE is nothing but a time rescaling of the
OU process. See the proof of Lemma 1 for details.
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i.e, the process {Z} := yr_¢ }1ejo,r), is @ Markov diffusion process satisfying the SDE
dry = — (fT—t(@k) — 91197,V log QT—t(fI)) dt + g dW,, (8)

where (W})icpo,r] is another d-dimensional Brownian motion. We refer to this process as
the backward SDE. By examining the Fokker-Planck equation, we can see that if the
backward SDE (Equation (8)) is initialized at z; ~ qr, then z; ~ ¢ = gr; for all
t € [0,7T], and in particular, the law of Z7. recovers the data distribution gq.

[HLC21] found that there is also a family of backward processes {T; (/\)}te[oj] (A>0)

following the same Fokker-Planck equations as Equation (8):

14+ M2
2

dii;™ = - (fm('f;:% 97197V log th@:W)) dt + Agr_dW,,  (9)
In the case where A = 0, the SDE is degenerated to an ODE, which is called the
probability-flow ODE (PFODE):

~% ~% 1 ~*
dft = - (fT—t(Tt) - EQT—tg%—tVIOg QT—t(Tt)) dt. (10)

There are three issues affecting the sampling quality from the diffusion model in prac-

tice:

1. Score approrimation error: since Vloggq, is unknown, we need to train a score
network s;(-) to approximate it®. The typical training methods are denoising

score matching (DSM) and implicit score matching (ISM): by minimizing

1

5 Ethnif(O,T) [E U|3t(yt> — Vlog Qt(yt>||/2\tﬂ (3: jESM(A)>

1

=35 E¢~unit(o,1) {]E [Hst(yt) -V, log Qtlo(yt|y0)||2]A } (:= Jpsm(A)) + const,

1

=5 Be~uvnito,1) [E [Ise(wo)ll7, +2 {(Ae Vse(w))]] (= Fism(A)) + const,

where A @ [0,7] — S% is a weighting matrix’

, and “const” represents a term in-
dependent of the score network. We denote the first loss as the explicit score

matching (ESM) loss, which is intractable (since the true score is unknown).

Note that in the DSM loss, the score network is trained to fit V, log go(ve|yo) =

-«
—%. Since y¢|yo ~ N (oztyo, JtQI), we can use the reparametrization s;(-) =
t

1
——¢;(+) so that the noise network ¢;(+) is trained to fit an approximate Gaussian
o

t
noise, which helps mitigate numerical instability as t ~ 0.

After training, we plug it into Equations (8) to (10) to define a generative model.

3The s here is the function name, not the time variable.
“In most applications, A; is chosen as an identity matrix multiplied by a positive scalar.
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We refer to these new processes as the plug-in backward processes:

Az, = — (fr—o(T0) = gr-e9r_s7—e(T0)) At + gr_dW,, (11)
_ _ 14+ A2 _
d:zcg/\) = — (fT_t(xg’\)) - gT_tgg_tsT_t(:pg/\))) dt + Agr_,dW4, (12)
~ ~ 1 ~
dz; = — (fT—t(ft) - 59T—tg;_t3T—t(ft)) dt. (13)

Denote their marginal density at time t as py, f)ﬁ”, and ﬁt, respectively.

2. Initialization error: since gr is unknown (but is close to pyrior), We have to initialize

the backward processes at pyrior. This induces a bias in the output distribution.

3. Discretization error: to simulate the backward process, we need to discretize the

differential equations. This requires a massive number of discretization steps and

makes sampling much slower than other generative models such as VAE and GAN.

There are two issues deserving attention:

(a)

The step size. The simplest choice is a uniform step size h = T/N for
some integer N, and sequentially simulate g, zp, Zon, ..., T(N—1)n, Tnp. [L1+22)]
reparametrized the VPSDE via the signal-noise-ratio A4; := log(ay/o¢) (recall
that y|yo ~ N (atyo, oll )), and chosen the uniform step size on the space of

A. [Lu+22] also tried other self-adapted choices of step size.

The discretization schemes. The simplest choice is the Euler-Maruyama scheme.
For VPSDE, [Z(C23; ZT (23] found that applying the method of ezponential in-
tegrator leads to an acceleration. Namely, for the backward process of VPSDE

with score parameterized by noise network, i.e.,

N 1 _ 1+ )2 -
di = S Br (xw - —er (xi”)) dt + Ay/Br_dW;,

t

the discretization with exponential scheme is the process {xEA)}tG[O’T] satisfying
the SDE

1 14+ )2
ar® = Lor (mw - e (o) ) dt + Ay/Br_dW,

O¢

t
in which ¢_ := 7 h. We write 7, := xio) and z; := ;1:,51) for simplicity. This is

a linear SDE and can be solved analytically. [ZTC23] proved that the denois-
ing diffusion implicit model (DDIM, [SME21]) is exactly the discretization of
the process {T¢}ieo,77. Apart from using first-order approximation, there are

also works that try to use higher-order discretization schemes such as [Lu-+22;
DVK22a; Tac+23].
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3 Analysis of Inexact Langevin Monte Carlo

This section explores how an imprecise score function affects LMC. As before, we as-
sume our target distribution is 7 oc =" on R with score s, and run LMC as Equation (3)
with step size h, yielding the process {X; ~ Tt }1e0,00)- Denote the estimated score func-
tion as s : R — R%, and run the inexact LMC as Equation (4) with step size h, yielding

the process {X; ~ T }icp0,00). We consider the following three concepts of accuracy for s:

1. L™-accuracy: we say that s is e-accurate in L™ if

s — 57r||L°<> <e¢;

2. L*-accuracy: we say that s is e-accurate in L? if
274\1/2
HS_87|'||L2(7r): (]EW [HS_SWH ]) <g

3. MGF-accuracy: we say that s is (g, A)-accurate in moment generating function
(MGF)® for some A > 0 if

log E, [exp (A]|s — 3,r||2)] <e.

Remark. Among these three error criteria of the score estimate, the L°-accuracy is the
strongest and the L?-accuracy is the weakest. From the practical perspective, since we use
score matching and its variants to estimate the score, L*-accuracy is the most reasonable

assumption.

3.1 Bounds in Total-Variation Distance

We introduce the following theorem from [LLT22, Theorem 2.1], which, to the best of

our knowledge, is the state-of-the-art result of inexact LMC with L*-accurate score.

Theorem 1 (Convergence of Inexact LMC in Total-Variation Distance). Assume that =
satisfies Cysi-LSI and s, is L-smooth. Assume s is e-accurate in L?. For simplicity, let
L N Crst > 1. Consider the accuracy requirement in TV and XQ.' erv, ey € (0,1), and
denote Ki = X2 (mo||7). If

5TV53
PN 5/2 . ;
dL2CYg (log(2Ky /e2) V K, )

g2 dL2C?
—X  and N = L
dLQCLS[ Si 8%

erations results in a distribution myyp, satisfying the following property: there exists a

2K

Xt

then running Fquation (4) with step size h =< log

®More precisely, the bound here is actually given in the cumulant generating function, the logarithm
of the moment generating function.

10
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distribution vy, such that

TV (mvn,vwn) <erv, X (vanllm) < €2

In particular, taking €, = ery, then TV (myp, m) < 2ery.

The proof relies on a bridging lemma (Lemma 2) that converts an L? error guarantee
to an L error guarantee by excluding a “bad set”, on which the estimated score differs
greatly from the true score. We call this technique the L™ — L? approach. We sketch
the proof in Appendix B.1.

3.2 Bounds in Wasserstein-2 Distance

Previously, [BMR20, Theorem 13] provided the first bound of inexact LMC with L*-
accurate score in W2 distance, under the assumptions that both the true and the estimated
scores are Lipschitz and dissipative. However, their bound increases exponentially as the
number of iterations grows (which precludes convergence guarantees), and their proofs
contain several errors. We present a new upper bound of LMC with both L>- and L*-
accurate score in the W2 distance, with minimal assumptions on the target distribution
and the score estimate. The main idea is to use Lemma 3 to derive and bound the

time-derivative of the W2 distance. The proof is in Appendix B.2.

Theorem 2 (Convergence of Inexact LMC in Wasserstein-2 Distance). Assume that s is
Lo-Lipschitz and (—Ly)-one-sided-Lipschitz for some Lg, L1 > 0.

L
1. If s is exo-accurate in L™, then when h < —12,
B N 1 — (Ce b N
Wg(’/TNh,’ﬂ') < (Ce L1h> W2(7T0,7T)+D eglh —C) s

2L2h
where C' = L—O (eLlh — 1) +1 and
1

D = (2o + Loy/2hd + 20%2%, + ALgdh?) (™" = 1) /Ly,

2. If s is eq-accurate in L*, then

g9+ LoV2hd

Way(myn,m) < e LN, (1o, ) + 7 (1—e BN
1
N _ o~LiNh
p e e
L, aelth — 1

where a = \/2(1 + Lgh?) and b= Loh (E [||s(Xo)|?] +4d(1 + L2h?))"*.

11
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3.3 Bounds in Rényi Divergence

This subsection presents an upper bound of LMC with MGF-accurate scores for Rényi
divergence. This result complements [WY22, Theorem 2 and 4], which analyzed LMC
with MGF-accurate score for KL divergence and LMC with L*-accurate score for Rényi
divergence. Our proof adopts the technique from [Che+22], and when £ = 0, the bound
coincides with the one in [Che+22, Theorem 4]. The proof is in Appendix B.3.

Theorem 3 (Convergence of Inexact LMC in Rényi Divergence). Assume that m satisfies
Crsi-LSI and s, is L-Lipschitz. Assume also that s is Lg-Lipschitz and (g, X)-accurate in
MGF for some \ < ¢*Crsi. For simplicity, we assume L AN Ly \ Crgr > 1. If we take the

1
step size h < A T then the law of X nn has the following rate of decay:

¢?L2Crgr

3 Nh ~
R, (mynl|lm) < —exp [ — R (mol|m) + O (e + CrsiL2hdq)
4 4Cs1

2C1Lg1

for all N > Ny := [ log(q — 1)—‘ :

3.4 Comparisons and Discussions

After obtaining convergence guarantees in different metrics, we now compare and
discuss our results based on different criteria of accuracy.

The L*-accuracy is the simplest case. Under this assumption, the inexact LMC
converges to a distribution with a finite bias in Rényi divergence (see [WY22, Theorem
4]) and W2 distance (see the first part of Theorem 2). However, as is discussed earlier, this
assumption is too strong and unrealistic in real-world applications if we train the score
network via score-matching. Since the score-matching loss minimizes E, [||s — SWH2],
which is achieved by empirical loss minimization in practice, we can see that if A C R?
has a low probability under 7, then there are few training samples from A, so s can deviate
significantly from s, in A.

The L*-accuracy assumption poses more challenges for deriving an upper bound. The-
orem 1 cleverly converts an error guarantee in L*>-accuracy to one in L2-accuracy by
excluding a “bad set”, where the estimated score differs greatly from the true score. This
technique depends on the properties of chi-square divergence and TV distance, and it
might not work for other divergences or distances. For the upper bound in W2 dis-
tance given in Theorem 2, it still grows exponentially as the one in [BMR20, Theorem
13]. Technically, the key to overcome this exponential dependence is to tightly bound
E [||s(X kh)||2}, which is difficult without either the L*-accuracy assumption or assuming
that s is the gradient of a strongly convex function (which is unlikely unless the target dis-
tribution is strongly log-concave and special designs such as input convex neural networks
[AXK17] are used). We leave this improvement for future work.

Why is this difficult? Actually, there are examples (e.g., [LLT22, Theorem D.1] and

12
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[WY22, Example 1]) showing that L?-accurate score estimate does not guarantee con-
vergence to the target distribution. More precisely, there exists a sequence of measures

{Pn}ns1 C Pac(R) with uniformly Lipschitz scores such that
lim E,, [[|V1ogp, — Viog|*] = 0.
n—oo

However, li_)m TV (pn,71) = 1. This means if we run inexact LMC with scores V logp,,
which cannbeozlrbitrarily close in L*(7;) to the score of the standard Gaussian, the asymp-
totic bias in TV distance (and thus for the Rényi divergence of all order) does not vanish
as n — 00. Therefore, the error bound of inexact LMC only holds for a moderate time.
Moreover, to achieve the desired accuracy ety and €, given the L? error of the estimated
score €, we have to choose a sufficiently small K, which means a warm start in chi-
square distance is necessary for achieving the desired accuracy. In contrast, for LMC with
exact scores, any initialization distribution works. To address the warm start require-
ment, [SE19] proposed to use annealed LMC, whose theoretical analysis is also obtained
in [LLT22].

The inadequacy of L*-accurate scores motivated [WY22] to introduce the MGF-
accuracy assumption, which draws inspiration from the Donsker-Varadhan variational
principle of KL divergence (Lemma 4). However, it is unclear whether the score trained
by score matching satisfies the MGF-accuracy assumption, and it is also a promising di-
rection to explore ways to train the score network to minimize the MGF error. Under the
MGPF-accuracy assumption, as N — oo the asymptotic bias of inexact LMC is bounded

in Rényi divergence (see Theorem 3).

13
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4 Analysis of Diffusion Models

We review several major approaches for analyzing the approximation guarantee of
diffusion models and provide a critique for each approach after introducing the main

results.

4.1 The Variational Approach

Since we train the score-network via minimizing the score-matching loss, a smaller
loss implies higher accuracy of score approximation and better samples generated from
the target distribution. So what is the relationship between the score-matching loss and
the likelihood of plug-in backward processes? The following theorem [HLC21, theorem 4]
provides an answer to this question. A later work [Hua+22| generalized the result from

Euclidean space R? to Riemannian manifolds.

Theorem 4 (Analysis of Diffusion Models, the Variational Approach). Consider the for-
ward process (Equation (5)) {ys ~ G }eepo,r) and the plug-in backward SDE (Equation (11))

{Z¢ ~ Di}icpr). Assume that

e (3 [ sl pas)] <o (14)

Then log pr(x) has a variational lower bound defined by

&°(x) = E log po(yr)|yo = 7]

T M ) . (15)
- /0 E 2 ||5t(yt)||gtgtT + <<9t9t ,Vst(yt)>> = V- filye) |yo = x| dt.
The variational gap is
_ o 1" ~ 2
logFr(z) &) = 5 [ B [ls(u) = Vioghr-s(u0) [z o = o] dt. (16)
0

Finally, for the plug-in backward SDE family (Equation (12)) {559) ~ ]A?i/\)}te[o,:r]. Denote

the corresponding variational lower bound of logf){;‘) (x) as EX(x). Then

(1— )22

T
2
= /0]E[Hst(yt)—Vlogqt(yt)Hgtg;r]dt. (17)

E[EX(vo)] = E[E5° ()] —

See Appendix B.4 for a sketch of proof. To interpret the result, we can see from
Equation (16) that the lower bound is tight (i.e., the variational gap is zero) when the
score is precise (i.e., s;(-) = Vlogg(-) for all t € [0,7]) and the backward SDE starts

at po = gr, which matches our expectation. In Equation (15), taking expectation w.r.t.

14
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Yo ~ Go = Pdata, We have

E [log pr(yo)]

1 (18)

2

> E [log po(yr)] — /0 E || 5 s wo)lygr + Caeals Vsiw))) | = V- fulwe) | dt,

in which the boxed term is the ISM loss with A, = g,g;'; similarly, the boxed term in
Equation (17) is exactly the ESM loss with A, = g,g;. This shows that minimizing the
score-matching loss maximizes a lower bound of the average log-likelihood (or equivalently,
]3{7:\ )>) for the whole plug-in backward SDE family.
The ODE case (A = 0) is a limiting case, but the right-hand side of Equation (17) is

meaningless when A\ = 0 because the variational gap is infinity.

minimizes an upper bound of KL (pdata ‘

The variational approach has a limitation: it cannot be applied to the discrete sampling
scheme (see the remarks after the proof of Theorem 4 in Appendix B.4 for a detailed
argument). Moreover, we use the technical assumption (Equation (14)) derived from
the Novikov condition to ensure the validity of Girsanov theorem, but it is not easy to
verify. We note that this assumption has been neglected in [HLC21, Theorem 4] but is
mentioned in [Son+21a, Theorem 1]. Finally, the tightness of the variational lower bound
(Equations (15) and (17)) is unknown.

4.2 The Fokker-Planck Approach

Score-based generative modeling do not explicitly minimize any probability distance

or divergence between the data distribution and the output distribution, although we have
~(A)
Pr ) .

A natural question is: do score-based generative models minimize any other probability

seen from the variational approach that it minimizes an upper bound of KL (pdata

distance or divergence? In this subsection, we follow [KFL22]|, which provided the first
convergence guarantee of W2 distance. The main idea is to use Lemma 3 to calculate the
time derivative of the W2 distance using the Fokker-Planck equation of the backward SDE
(Equation (8)) and the plug-in reverse process (Equation (11)). The following theorem

states the result.

Theorem 5 (Analysis of Diffusion Models, the Fokker-Planck Approach). Consider the
forward process {ys ~ qs}scppr) (Equation (5)) and the plug-in backward process {Z; ~
Pthepr) (Equation (11)). Assume that g, is a scalar, fi(-) is Ly(t)-Lipschitz, and s,(-) is
L(t)-one-sided-Lipschitz. Then,

T
Wa(pdatar o) < IrWalqr, po) + / Lgiedt
———————
initialization error \Lf—/

score approximation error

t
where I; = exp (/ (Lf(r) + gfLs(r)) dr) and ef = E, [||st — Vlog qt||2].
0
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Theorem 5 does not consider the discretization of the plug-in backward SDE, so the
upper bound only consists of the initialization error and the score approximation error.
The upper bound is tight because when the plug-in backward SDE is initialized at gr
and the score is precise, then the output distribution pr recovers the data distribution
Pdata- Lhe proof of Theorem 5 is similar to that of Theorem 2, i.e., using Fokker-Planck
equation to derive and upper bound %Wg(qz_ ,Dt). We omit the proof here and refer to
[KFL22, Theorem 1] for details. Note that in Theorem 2, to ensure convergence of inexact
LMC, we have to assume that the one-sided Lipschitz constant L, of the estimated score
s is negative, while in Theorem 5, the one-sided Lipschitz constant Ls(t) of the estimated
score s4(+) does not need to be negative, showing that diffusion models can deal with more
complex distributions than inexact LMC. We also remark that one-sided-Lipschitzness is
a strong global assumption and is hard to verify or even estimate the constant. This
assumption is crucial for deriving a convergence guarantee in W2 distance, while in the
case of TV distance or KL divergence the required assumptions on the score estimate is

much weaker.

4.3 The Girsanov Approach

We focus on [Che+23b] in this subsection, which gave an elegant proof of a bound in
TV distance of sampling from the backward SDE using the Girsanov change-of-measure
theorem. The paper considered the OU process {y; ~ Qt}te[o,T] given by the SDE dy, =
—ysds+ V/2dB; as the forward process, and the sampling process {z; ~ pt}te[o,T] given by
the SDE

dzy = (w4 + 287 (2, )) dt + V2AW;, t_ = EJ h, T = Nh. (19)

Note that a general VPSDE is only a time rescaling of the OU process, so the analysis
also applies to general VPSDEs, while the only difference is the scheme of choosing dis-
cretization points. We now state part the main theorem proved in [Che+23b] and sketch
the proof in Appendix B.5. We rewrite some part of the proof due to an error in the

paper (see the remark after the proof).

Theorem 6 (Analysis of Diffusion Models, the Girsanov Approach). 1. Smooth tar-
get distributions. Assume that paaa has a finite KL divergence to vy, and its
(2 + n)-order moment is finite for some n > 0. Denote its second order mo-
ment m3 = E,, [HHQ} Furthermore, assume that the score V1og q; s L-Lipschitz
(L>1) for allt € [0,T] and the approzimation error

2 2
max Eq, [llsin = Viogagul] < .
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Then if h < —, we have

S

TV (pdatava) 5 \\/ KL (pdataH’Yd)e_j;—'— (L \% dh + Lm2h> ﬁ—'— 6ﬁ

score approximation error

(20)

initialization error . .
discretization error

2. Arbitrary target distribution with bounded support. Assume that pyata 1S
9

€
supported on B(0, R) with R > 1. Let 0 < ey, < Vd and set 7= — 22

VARV V)
Then,

(CL) WQ(QTu Q) S EWs s

m(Rvm)?"

)

(5) KL (- lh) S~
Wa

dR2(R Vv \/d)?

4
€W2

(c) the score Vlogq; is L-Lipschitz for all t € [1,T], where L <

The proof of Theorem 6 avoids the need for a difficult-to-check assumption (Equa-
tion (14)) that Theorem 4 relies on to apply Girsanov theorem. Instead, it uses an
approximation argument in abstract measure space based on the stopping times for con-
tinuous local martingales, which is a significant technical contribution.

The assumptions for the first part of the theorem, which only considers smooth target
distributions, are standard for analyzing score-based generative models. The analysis does
not require log-concavity or isoperimetric inequalities such as LSI for pgata, so it applies to
a wide range of highly non-log-concave distributions that are common in applications. For
simplicity, the paper assumes a uniform Lipschitz constant for the whole score trajectory.
Since the OU process transforms pgata to 74 exponentially fast, we hypothesize that L
mainly depends on the smoothness of pgata, and leave it as future work to find a principled
way to upper bound L via the information of paaa’. Also, for simplicity, the paper assumes
a uniform approximation error € for all sz, 1 < k < N. As we have pointed out in
Section 2, a more reasonable assumption is to reparametrize the score network using noise
network and assume a uniform approximation error for all €;;,, 1 < k < N. The obtained
bound (Equation (20)) clearly separates three sources of error, as we have discussed in
Section 2 (three issues affecting the sampling quality from the diffusion model).

In many real-world applications, the data distribution may be only supported on a
low-dimensional manifold of R? (which is known as the manifold hypothesis), so the target
distribution may not have a Lebesgue density. To demonstrate the empirical success of
diffusion models in these situations, the second part of the theorem only assumes that
Pdata 18 boundedly supported, which is realistic in many real-world applications, e.g., each
coordinate (i.e., pixel) of the images lies in a bounded range. The idea here is known as

early stopping: when sampling from the SDE Equation (19), we only sample the trajectory

The case of convolution with standard Gaussian has been studied in [Lee+21, Lemma28].
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over a shorter time period [0, T — 7] for some 7 < 1 (7 should be a multiple of the step size

h), and perceive xp_, as the output of the model. From a theoretical perspective, since
si(+) = ——€(+) and ¢(-) is trained to fit a Gaussian noise, we expect that the average
o

norm of et(t-) does not vary significantly for different ¢. But as t \, 0, o, vanishes, which
induces numerical instability for sampling. A typical choice of 7 is 107°, see [Son-+21b,
Appendix C|. The second part of Theorem 6 implies that we can choose a sufficiently
small 7 such that ¢, is eyp,-close in W2 distance to gy = pdata- Now that the score
trajectory after 7 is uniformly Lipschitz with a polynomial constant and the initialization
distribution ¢,, now smooth enough, has a polynomial KL. divergence to 74, we can apply
the first part of Theorem 6 to the SDE from 7 to T" and bound TV (g, pr—.).
Previously, building on the variational lower bound (Equation (18)) derived in Theo-
rem 4, [Fra+23] examined the optimal diffusion time T, revealing a trade-off in its selec-
tion: as T increases, the initialization error decreases but the score approximation error
and the discretization error increases. This trade-off is also reflected in the TV distance
upper bound (Equation (20)) under the assumption of a uniform score approximation

error.

Remark. The earlier version of [Che+23b]" used the combination of the Girsanov approach
and the L™ — L? approach discussed in the next subsection. Instead of directly dealing
with the L%-accuracy assumption and use approximation results on abstract measure
spaces, it first studied the L*°-accuracy case (in which the error is also bounded by
Girsanov theorem), and use the L™ — L? bridging lemma (Lemma 2) to convert to the
L*-accuracy case. To circumvent the Novikov condition in using Girsanov theorem, it
employed a truncation argument, i.e., multiplying the drift term of the sampling process
(Equation (19)) with ¢g(x;) for some smooth function ¢g that is 1 in B(0, R) and 0 in

B(0, 2R)B. The only difference in the bound is that the score approximation error scales

as /3

3
T/ instead of ev/T. The author noted that both iteration complexity bounds
matched the state-of-the-art complexity bounds of sampling from a target distribution

satisfying LSI using LMC, see [Che22, Chapter 4 and 5].

4.4 The L* — L? Approach

In this subsection, we follow [LIT22] and [LI/T23], which uses the L> — L? approach
similar in Theorem 1 to study the diffusion models under L2-accurate scores. The idea
is straightforward: we first assume the estimated score function is L*-accurate at all
the discretization points, and then use the bridging lemma (Lemma 2) to reduce to the
case of L2-accurate score estimates. Nevertheless, to yield such a result requires intricate
deduction. We state the main result in the Theorem 7, and sketch the main idea of the

proof in Appendix B.6.

"See https://arxiv.org/pdf/2209.11215v1.pdf or https://openreview.net/references/pdf?
id=Kdx6vN8P7y.
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Theorem 7 (Analysis of Diffusion Models, the L™ — L? Approach). 1. Arbitrary tar-
get distribution with bounded support. Suppose that paa. @S supported on
B(0, R) with R > Vd and the score network has the following L? error bound:

2
€
Ey, [llse — Viogq|*] < —, vt € [0,T]. (21)
t
Then there exists a sequence of discretization points 0 = tg < t; < ... < ty < T
/655
with N < poly (d, R, 1/ery, 1/ew) such that if e = O <;g\(;iv71;>7 then the following

discretization of plug-in backward process Equation (11)

1
dzy = §5T7t (xt + 28T—t7<xt,)) dt + /Br— dWy, 2y ~ py, t € [0,tx], (22)

where t_ =1ty fort € [ty,tgr1), 0 < k < N — 1, with a truncation and scaling step

Tpy = oz}itNxtN H|thNHSR ~ Dins

yields a distribution py, that is epy-close in TV distance to a distribution that is
ew-close in W2 distance from pgata. If in addition, the trajectory of the forward

process satisfies the following Hessian bound:

V2 log i()|,,, < % forallt € [0,T], x € RY, for some C > R*,  (23)
t

4
~ (¢
then it suffices for e = O [ ==L ).
fces | (&)
2. Smooth target distributions. Assume that the score network satisfies Equa-
tion (21) as above. Assume the target distribution paag. @s sub-exponential (with

a fized constant) and satisfies Paaa X e™V where VV is L-Lipschitz. Denote

R=VdV E,, [|-lll. Then there exists a sequence of discretization points 0 = ty <
‘ ‘ ~ 115
t1 < ... <ty <T with N < poly(d,R,1/ery) such that if ¢ = O (m),

then the discretization Equation (22) of plug-in backward process yields a distribu-

tion qi, that is epy-close in TV distance to paata- If in addition, the Hessian bound

!
(Equation (23)) holds, then it suffices for e = O <2T_2\c/l>

Both Theorems 6 and 7 employ the early-stopping technique and consider the case
of smooth distributions and boundedly-supported distributions. They derive the con-
vergence guarantee of diffusion models for general data distributions. Compared with
Theorem 6, Theorem 7 makes two main improvements. First, it considers non-uniform
discretization schemes for the VPSDEs. Second, it assumes a non-uniform score ap-

proximation error bound (Equation (21)). However, since Vloggq,(z) < — as t \, 0
Ot
(which is explained in Section 2), we believe that the correct assumption should be
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2
9
Ey, [llse — Vioga"] < =5, ¥t € [0,7].

29
t

4.5 The Restoration-Degradation Approach

This subsection discusses [CDD23], which offered a novel interpretation of the back-
ward SDE family (Equation (9)). Given the forward SDE defined by Equation (5), we

want to predict yr_;_p, based on yr_;, where h Z 0, the paper suggested two steps:

1. Restoration: predicting a point yr_y (where t' > ¢ 4+ h) by conditional expectation
z := E[yr_¢|yr—s], which can be approximately calculated by Tweedie formula
[Efr11].

2. Degradation: simulating the forward SDE by Euler-Maruyama scheme from yp_y

to both yr_; and yr_4_s.
The following theorem is a summary of the main findings in [CDD23]:

Theorem 8 (Analysis of Diffusion Models, the Restoration-Degradation Approach).

Brownian motion. Assume dy, = dB;. Then The scheme

Restoration: yr—y — z:= Eyolyr—] = yr—t + (T — t)Vlog gr—+(yr—1),

yr—+ =z + VI —ty,

Degradation: Z >
Yr—i—n =2+ VI —t—hy
yields
h
Yr—t—n = Yr—t + §V log gr—¢(yr—¢) +o(h), h — 0. (24)

2. General diffusion, ODE sampler. Assume dy; = fi(y;)+9:dB;. We first define

the restoration operator
Riys(z) :=a— (t—s)fi(z) + (t — 8)g;Viog g:(z), s <t

which, when x < vy, ~ q, s an approximation of the conditional expectation
E [ys|y:], and the degradation operator

DY (x) =+ (t—s)fs(z) + gVt —s7, s<t, yERY

B, — B,
Vit—s

discretization of predicting y,. Then the scheme

which, if v < ys ~ qs and v

~ N(0,1), is the Euler-Maruyama

Restoration: yr_y — z:= B yr—o|yr—t] := Rr—ir—i—on(yr—1),
_ =D, z),
Degradation: 2 Tt r-t-tnor-1(2)
yr—t-n = Dr_y_gsryn(2)
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yields

1
Yr—t—h = Yr—t — h (th(Z/Tt) - 59%4,V10g QTt(Z/Tt)> +o(h) (25)

as h — 0, { — oo, th — 0.
3. General diffusion, SDE sampler. Under the setting of 2, the scheme

Restoration: yr_y — 2z := Eyr——m|yr—| = Rr—r——en(Yr—t),

— = D'Y z ,
Degradation: Z > Yr—t T—t—tns7—1(?)

!
yr—i-n =Dy gy p(2)

2
where v = (/1 — gi i + \/;\__11/, v ~ N (0,1) being independent of v, X > 0,

yields

1+ X2
Yr—i—h = Yr— — h (th(yTt) - —g:Qr_tV log C]Tt(?JTt)) + )\\/EngtV +o(h)

2
(26)
as h — 0, { — oo, th — 0.

v is called the “simulated noise” in [CDD23], since if z = E [yo|yr_] is replaced by
yo in 1 and if z = E [yr_;—m|T — t] is replaced by y7_;_g, in 2 and 3, then the v that
is used to degenerate yo or yr_; ¢, to yr_; should be standard Gaussian generated by
Brownian motion (B;). By examining Equations (24) to (26) carefully, we can see that
they are actually the Euler discretization of the backward PFODE (Equation (10)) and
the Euler-Maruyama discretization of the backward SDE family (Equation (9)), which
provide an insightful interpretation of the backward processes.

We omit the proof of Theorem 8 in this paper and refer the readers to [CDD23, Section
3], as the proof only involves elementary infinitesimal calculation. The paper also proposed
a discretization analysis of a DDIM-type sampler based on this interpretation, but ignored
the score-approximation error (that is, the backward PFODE is simulated using the exact
score). The bound is expressed in KL divergence by examining the time-derivative using

Fokker-Planck equation, and it is polynomial in all the parameters.

4.6 The KL Divergence Decomposition Approach

We follow [CLL22] in this section, which gave an improved theoretical analysis of the
VPSDE under different smoothness assumptions. We state part of the results obtained
in [CLL22] in Theorem 9, and sketch the proof in Appendix B.7.

Theorem 9 (Analysis of Diffusion Models, the KL Divergence Decomposition Approach).
1
Consider the forward process {y; ~ Qt}te[QT] giwen by the SDE dy, = —§ytdt~|—dBt. Given
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a sequence of discretization points 0 < 6 =tg < t; < ... <ty =T, denote hy =t} — tx_1

and t), :=T — tnx_g. The sampling process {x; ~ pt}te[o,T] is defined by the SDE

1
dz; = <§$t + Sr—t_ (%)) dt + dWs, (27)

where t_ =t} fort € [t},t,41), 0 <k < N —1. Assume that the target distribution has
finite second moment mj3 := E,,__ [||||2] < 00, and the score network satisfies the average

error bound
|
2
? Z hy, Ept,c [Hstk - VIOg 4y, || ] < 62' (28)
k=1
Then we have the following convergence guarantees under different assumptions:

1. Target distributions with trajectory smoothness. If furthermore, Vlogq; is
L-Lipschitz (L > 1) for all t € [0,T], max. hi <1 and T > 1, then

KL (paata|lpr) < (m2 +d)e™ " + Te? L
m (§] g
data ~ 2 ~~ N
initialization error  SCOTE approximation error ——

discretization error

2. Smooth target distributions without trajectory smoothness. If further-

more, V1og qq is L-Lipschitz, then by taking the exponentially decreasing (then con-

1 logL+T 1
stant) step size hy, = ¢ ((tk Vv —) A 1) , where ¢ = gL+ 1 <

7 N S %a we have

- d*(log L +T)?
KL (paatallpr) S (m3 +d)e” + I N
initialization error  SCOTE approzimation error N ~~ -

discretization error

3. General distribution with early stopping. If there is a universal constant K

h 1
such that zk < d forall1 <k <N (recall from Section 2 that oy = V1 —e™t
tk—1
1
in this case), T > 2, and § < o then
N2
2 -r 2 2 k
KL (g5_s||pr—s) S (m3+d)e™" + ES’ | + d Z =
initialization error ~ SCOTE approzimation error k=1 k—1

discretization error

Theorem 9 introduces a weaker assumption (Equation (28)) on the score approxima-
tion error in the form of weighted average. The first part of Theorem 9 is analogous to
the first part of Theorem 6, but the result is enhanced since TV distance is a weaker
metric than KL divergence by Pinsker inequality. The second part of Theorem 9 re-
laxes the assumption that the score trajectory Vlogg;, t € [0,7T] is uniformly Lipschitz,
which is difficult to check in practice. The result only depends on the Lipschitzness of
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the score of the target distribution (which is why the authors of [CLL22] call their result
“user-friendly” in their title), and we note that even if the Lipschitz constant L scales
exponentially with respect to d, we can still obtain a polynomial complexity guarantee
due to the term log L. Finally, in the third part, the convergence guarantee of general tar-
get distributions is obtained using early stopping, and here the step size is exponentially
decaying as t ' T. To the best of our knowledge, this is the state-of-the-art convergence

guarantee of SDE sampler.
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5 Conclusions and Future Work

We have explored the approximation properties of score-based generative modeling,
demonstrating that under some mild assumptions of the target distribution and the dis-
cretization scheme, score-based generative models can approximate the target distribution
with arbitrary accuracy provided that the score estimate is sufficiently precise. The error
bounds in multiple probability divergences and distances scale at most polynomially with
respect to the problem parameters, which partially accounts for the empirical success
of score-based generative modeling. We conclude by suggesting some avenues for future

research:

1. A key aspect of the score-based generative models is the accurate approximation of
the score function by neural networks trained via score-matching and its variants. To
understand it, we can apply deep learning theories to examine the training dynamics
of stochastic gradient descent in minimizing the empirical loss, which would further
reveal the underlying mechanisms of score-based generative modeling and provide

an end-to-end guarantee of the score-based generative models.

2. Till now, the approximation properties of score-based generative models have been
well studied. However, unlike GAN (e.g., [Aro+17; Wu-+19; YE22]), the generaliza-
tion properties have received less attention. For instance, [Pid22; De 22| examined
score-based generative models under manifold assumptions, which may offer some
insights into the generalization property; [Yan22, Section 6.4] proved that if the
score network is trained by empirical loss minimization (with sample size n) us-
ing continuous-time gradient flow, the generalization error of early stopping, i.e.,
KL (pdatal|p-) where the optimal 7 is of order n'/6 scales as O (n_1/6) + KL (g7||7a)
and escapes from the curse of dimensionality. An intriguing question is whether the
extra noise from sampling from the backward SDE family (Equation (12)) using
larger \’s, which empirically degrades the sampling quality in terms of metrics such
as FID and negative log-likelihood, can help reduce the generalization error. We

defer the investigation of these questions to future work.

3. Diffusion models construct a “bridge” between the target distribution and noise
distribution via (stochastic or ordinary) differential equations, which have achieved
astounding success and inspired many new model designs that have also attained
the state-of-the-art performance on various datasets and tasks. Some examples
are the Q-Bridge Diffusion Model [Liu+22; Liu+23al, the Rectified Flow [LGL23;
Liu22], the Flow-Matching model [Lip+23; CL23; Poo+23], the Stochastic Inter-
polants framework [AVE23; ABVE23], the Poisson Flow generative model [Xu+22b;
Xu+23], the “GenPhys” (Generative Models from Physical Processes) [Liu+23b],
the Consistency Model [Son+23], and the Reflected Diffusion Model [LE23]. We

conjecture that the techniques used to analyze the approximation properties of
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score-based generative modeling can also be applied to these models and frame-

works, and we defer the analysis and comparison to future work.
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A Notations and Definitions

Min and max. We write a A b := min(a, b) and a V b := max(a, b).

Asymptotic notations. We use a = O(b) or a < b to indicate that there exists a
universal constant C' > 0 s.t. a < Cb. We use a = Q(b) or a 2 b to indicate that there
exists a universal constant ¢ > 0 s.t. a > ¢b. a = ©(b) or a < b means both a = O(b) and
b= 0(a). We use O, ©, Q to hide logarithm terms, e.g., O(-) = O(-) log®®)(.).

Inner products and norms. For a,b € R%, we write (a,b) ath = Zaz i)

k
for A, B € R*! we write (A, B)) := tr(A"B) ZZAUBU The Euclidean norm
|z|| = V/{z,z) for z € R? and we define ||z, := \/ x,Aw> for A € SZ, e, Ais a
symmetric positive semidefinite d x d matrix. The Euclidean ball centered at x with
radius R is denoted B(z, R). For f g : RY - R? and a distribution p on RY, denote

gy i= [ (@) gla) plda), and [Ty o= /10 )y

Functions. We say that f : RY — R? is L-Lipschitz for some L > 0if || f(z) — f(y)|| <
Lz —y| for all z,y € R? and that it is L-one-sided-Lipschitz for some L € R if
(x —y, f(x) — f(y)) < L|lz—y|* for all z,y € R% Clearly, L-Lipschitzness implies
L-one-sided-Lipschitzness. “=" refers to uniform convergence.

Derivatives. We use V, V-, VZ and A to represent the gradient, divergence, Hessian,
and Laplacian operators, respectively. For a function that has both position and time
variables, the operators above are applied only on the position variable.

Measures and probability. For a metric space Q (e.g., RY), we use P(Q2) to denote
the set of probability measures on 2. The law of a random variable X on a probability

space (€2, F,P) is defined as XyP. “—” stands for the narrow convergence of measures

(see, e.g., [AGS08, Section 5.1]). For u,v € P(Q), we use 3—5 to represent the Radon-
Nikodym derivative of p with respect to v if u < v (i.e., p is absolutely continuous with
respect to v), and oo if otherwise. For u € P(£2) and a measurable mapping 7 :  — €,
the push-forward probability measure is denoted Tyu € P(2') with the definition

(Typ)(A) = i(T7H(A)) = p{w € Q: T(w) € A},

for all measurable sets A C Q. Equivalently, if a random variable X ~ p, then T(X) ~
Tip. Po(R?) stands for the set of probability measures with finite second moment on
R, and Py .c(R?) (Pae(R?)) is the subset of Py(R?) (P(R?)) containing all probability
measures that are absolutely continuous with respect to the Lebesgue measure. Unless
otherwise mentioned, we will always identify the probability density function (i.e., the
Radon-Nikodym derivative with respect to the Lebesgue measure), if it exists, of a random
variable on R? with its law, a measure in PaC(Rd). We use 7,4 to denote the d-dimensional

standard Gaussian, NV (0, I;) and §, to denote the point mass at a.
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Optimal transport (OT). For u,v € Py(R?), the Wasserstein-2 (W2) distance

between p and v is defined as

1/2
Watu) = int ( [lle =l atanan)
YE(p,v)
where TI(u,v) is the set of all couplings of (u,r). The coupling v* that achieves the
infimum (which exists and is unique), denoted IT*(u, v), is called the OT plan between p
and v. In fact, there exists 7' : R — R such that Ty = v and v* = (id x T');(u), which
is called the OT map from p to v. By Brenier theorem, there exists a convex function
¢ : R? = R such that T = V¢, and V¢* = (V)" is the OT map from v to u (note that

¢*(y) := sup {{z,y) — ¢(x)} is the convex conjugate of ¢). For a comprehensive overview
z€R4

of OT, we refer the readers to standard textbooks [Vil08; Vil21; AGS08]. See also [Che22,
Chapter 1] for a short guide of OT.
Probability distances and divergences. Consider y,v € P(R?). The total-

variation (TV) distance is defined as

TV (u,v) = sup |u(A) —v(A)].

ACR4

d
The following probability divergences require the Radon-Nikodym derivative p := d_,u
v
The Rényi divergence of order g € (1,00) is defined as

1
qg—1

Ry (ullv) = log Ex [p7],
which is increasing in ¢q. As ¢ \ 1,

Ry (ullv) = By flog p| = KL (p]|v)
which is the Kullback-Leibler (KL) divergence; when ¢ = 2,

exp Rz (ul|v) — 1 =E, [(p—1)°] =x* (ullv),

which is the chi-square divergence; as ¢ — 00, Ry (1[|[v) = Roo (p]|v) :=10g || p]| oo ()- The
Rényi-Fisher divergence of order ¢ € (1,00) is defined as

E, |||V a/2\ |2
F1, (110) = [HEV([;] 5§

and when ¢ \, 1, it converges to the Fisher divergence

FI(ullv) = E, [V log |
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Isoperimetric inequalities. We say that 7 € P(R?) satisfies a log-Sobolev inequality
(LSI) with constant Cprgr, or in short, 7 satisfies Cpg-LSI, if for all sufficiently smooth
functions f on R,

Ent, (f?) < 20151 E, [|[Vf]*]

where the entropy functional is defined as Ent, (¢9) := E, [g log } for p-a.s. positive

g
. o By lg]
function g. By definition, if 7 satisfies Cpg-LSI, then

qCrsi

Ry (pllm) < Fl (pl[) -

It is known that a-strongly-log-concave distributions satisfy (1/«)-LSI. For a compre-
hensive overview of Markov semigroups and isoperimetric inequalities, we refer the readers
to [BGL+14]. See also [Che22, Chapter 1, 2] for a brief overview.
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B Proofs of the Main Theorems

B.1 Sketch of Proof of Theorem 1

The main idea is to first consider the case of L*-accurate score, and then convert
to the case of L*-accurate score via the bridging lemma (Lemma 2). More precisely, we

define three processes using the same notations as Lemma 2:

d)N(t = SW()N(t)dt + \/Eth, )N(t ~ T,
dXt = S(Xti)dt + \/§th, Xt ~ T,
dZ, = b(Z )dt+V2dWs, Zy~v, (0  m),

where
b= S]IBC +57r]IBa B = {HS - 87TH Z 600}

for some e, > 0 that will be determined later. B is the set in which the estimated score s
has a large deviation from the true score s, so it is called the “bad set”. Since (X;) and
(Z;) has the same initialization py and are driven by the same Brownian motion, we can
see that as long as Zy, € BC for all k = 0,1,....,N — 1, then Xyj, = Znn, which satisfies
the assumption in Lemma 2. By definition, b is e, .-accurate in L>, and s is e-accurate

in L?(r). Using Markov’s inequality,

~ 1 52
P (Xt € B) = (s = sell = e) < 5 Ex [ls = 5alF] < 5

To use Lemma 2, we only need to bound x? (vg]|7). We can write out the time-
derivative of chi-square divergence using the generalized Fokker-Planck equation (Lemma 6),

and then bound it as

1 Lo
2 < —_— 2 2 L2dh f [ee} < h’ <
—th (I/tHﬂ') ~ 4CLSIX (Vt||7T> +0 (goo + ) o0 > Cﬁé?7 ~ LQdCle’

using the assumption of 7 satisfies Cpgi-LSI (note that LSI can not be weakened to PI in
the proof). We omit the derivation here and refer the interested reader to [LLT22, Ap-
pendix B.2] for details, whose technique is similar to [Che+-22] (see also [Che22; Chapter
5]). Integrating from 0 to kh, we have

kh
4C g1

X2 (I/thﬂ') S exp <— ) K)ZC + O (a%OC'LSI + LZdhCLSI) .

Now, to have x* (vn|7) < €2, it suffices

Nh 2 1 2 2 2 2
exp (_4CLSI) Ky < 5ey exCust V L7 dhCrsy S €

38



Theoretical Analysis of the Approximation Properties of Score-Based Generative Models

which is available if

2K, g2 £
Nh>CLSIIO ) h’S X 75005 X :
> S It S o
2 212
€ dL*C, 2K
From now on we assume h =< dLQé' , which implies N > QLSI log —*. Using
LI X &

Lemma 2,

- 1/2 > 1/2 Crst
TV (mxns van) € 3 (142 (7)) ]P’(XkeB> 5—(N+K : )
k=0 &

To bound it by ey, it suffices

1 h
£ < EnfrV N Craks,

Note that ¢ is a fixed parameter given in the problem setting but NV can vary when running
dL? CI%SI 2K,
log —=, implying
€2

the algorithm. Therefore, we have to take N =<
X

< gTVSi .
dL2CY (log(2K, /e2) V K

B.2 Proof of Theorem 2

We abbreviate wy := Wy(m, 7) for simplicity. By Lemma 6, 7, satisfies
8t7Tt + V- (7Tt (—VIOgﬂ't + E [S(Xt7)|Xt = ])) = 0.

Using Lemma 3,

;;t wp = (—(Tron—id),—Vliogm + E [s(Xe )Xo =-])
= Eayyorrmm [(y — 2, Viogm(z) — Viog 7 (y))]
+ Byt (e [(y — 2, Viogn(y) — E [s(X; )| X, = 2])]
< Eggensmm (¥ — 2 52(y) — E [s(Xe )X, = 2])]
= Eey~irmm [<?J —z, B [s(X;) — s(X,_)| X, = 2])]
+ By [y — 2, 5(y) — s(2))]
+ Egyatrirm (Y — 2, 5:(y) — s(y))] -

The inequality is due to Lemma 7. By the one-sided-Lipschitzness, the second term is
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bounded above by
2
B y)~11e (e ) [_Ll |y — || ] = —Llth,

and using Cauchy-Schwartz inequality, the third term is bounded above by

eqwy, under L*(m)-accuracy;
(Egwaporrtmem [y = 217]) " (Bx [lls = sa?]) " < 47
oWy, under L*-accuracy.

Now, the first term is bounded above by

(Etetmom) [y = 1)) (Barr, || [s(X0) = 5(X0)1 X0 = ] IIZ])W

w; (EM [E [Hs(Xt_) — (X)X, = x”>1/2
= (B [s(x.) - s(Xt)||2]>1/2

Low, (E [[| X~ Xt_||2])1/2.

IN

IN

Note that

IE[HXt—Xt_]ﬂ - ]E[H—S(Xt_)(t—t)—l—\/é(Wt—Wt_)Hj

= (=t [[s(x)|*] +20t —)d

IN

P2E [[|s(x,)|[] + 2hd.

To bound E [|[s(Xy) ||2], we consider two cases separately.

Case 1: L°-accuracy. We have
E [ls(Xen)1*] < 2 [Is(Xen) — 52 (Xen) I*] 42 E [lsr(Xpn)|I*] < 26242 [[ls2(Xen)[|”] -

Remark. Without the L*-accuracy assumption, it is challenging to give a satisfactory

upper bound of E [||s(Xyn) — sﬂ(th)||2]. Besides, if we are given MGF-accuracy as-

d
sumption, then we have EW2(7Q, ) < KL (7rt_ Hﬂ') + ..., but in general KL divergence
cannot be upper bounded by W2 distance unless we introduce more assumptions. We
leave it as a future work to investigate how we could use the MGF-accuracy assumption

to bound E [Hs(th)HQ]

To bound the second term, note that
2 2 2 2 2
52 (2)[I° < 2|82 (x) = sz ()1 + 2 [[sx(W)I° < 2L5 [z — yl* + 2 [Is=(»)]I”-
Taking expectations over (x,y) ~ II* (7, m) yields

E [[ls~(Xin)|*] < 2L§wiy, +2Ex [|ls4ll"] -
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14

Denote m = e V. s, = —=VV being Ly-Lipschitz implies the Lebesgue-a.e. existence

of V2V, which also satisfies HV2V||OP < Ly Lebesgue-a.e, which yields V2V < Lol —
AV = tr(V*V) < Lod. Using integration by parts,
E, [Hs,rﬂz] = —/(—WVV, VV)dz = —/(V’/T, VV)dz = /ﬂ'Ale‘ < Lod,

Therefore,

E [||s(Xen)|”] < 264 + 4L2w, + 4Lod.

As a result, for ¢t € [kh, (k+ 1)h),

d
% < —Lyw, + eoo + Lo(2hd + h(25% + 4L2w?, + ALod))Y/2,

d
= — (") < "' | e + Loy/2hd + 2h%€2 + 4Lodh? + 2Lh wyy | |
dt N N——

-~

=A =11 B

since vu + v < v/u + /v for u,v > 0. Therefore, if we denote C := B (eLlh — 1) + 1 and

— ﬁ Lih _
D = I (e 1), then

eLl(k+1)hw(k+1)h < Celkhy,, + Delthh,

Iterating, we obtain

1-— (C’e_Llh)N

— L\
WNhR S (Ce 1 ) wO—I—D eLlh—C

L
Note that when h < 2_L12’ we have /1" > (€', so as N — 00, the bound converges to
0
D A

elih —C " L(1- B)
Case 2: L*-accuracy. We have

, a term that reaches 0 if both €., and h vanish.

IN

E[[s(Xaenml®] < 2B [[ls(Xan) = sXa)|] +2E [lls(Xen)I]
2L2E [HX(kH)h - th||2] +2E [[ls(Xen)|]
= 205 (W*E [||s(X)|”] + 2hd) + 2 [||s(Xpn)[|’]

2(1 + L3R E [||s(Xpn)||*] + 4L2hd,

IN

which implies

E [ls(Xm) 7] < (2(1+ L3h2)* (B [|ls(Xo) "] +4d(1 + L3h2))
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As a result, for t € [kh, (k+ 1)h),

duy

1/2
a }

IN

—Lyw, + &3 + Lo [R*(2(1 + L§h?))¥ (E [||s(Xo)||?] + 4d(1 + L3h%)) + 2hd
< —Lywy + ey +d*b+ e,

where a = 1/2(1+ L2h2), b = Loh (E [||s(Xo)[?] + 4d(1+ L2h2))"?, and ¢ = LoV/2hd.

d
Consequently, T (e""wy) < eM(ey + a"b+ ¢), yielding
€ b
e LIS L I 2L+ c (eLl(kJrl)h — elikh) | " (el — 1) (aeLlh)k‘
1 1

[terating, we have

—LiNh €2+ ¢C —LiNh b L a" — e taNh
WNh §e Wo + Ll (1—6 )+L—1(e —1)m
Nevertheless, this upper bound grows exponentially fast as N — oo. O
B.3 Proof of Theorem 3
q—1
Denote ¢; = ™ and Yy = ————. Note that E [¢y(X;)] = E, [¢] = 1, which
m _ ET( [¢t]
dP
implies that P defined by — P = ¢4(X;) is a probability measure. We have
d 3
Ry (mlm) < =ZFL, (m]lm) + g E [6o(X0) [ls4(X0) = s (29)

Equation (29) can be proved similarly to [WY22, Lemma 10]. By triangle inequality,
E [@/}t(Xt) Hsﬂ(Xt) — S(th)HQ] is upper bounded by

2E [?/)t(XO |s(X) — S(th)”?] + 2 [0e(Xe) [[s2(Xe) — s(X)|I7] -

Wy =W

~ N (0,1,). Then ||s(X;) — s(X; )H2 is upper bounded by
VE—1T_ -

Denote & :=

L? HXt X P = L2 t)s(Xe ) + VAW - W)
2Lt — 1) ||s(X H2+4Lﬂt—t>HﬂF

4L§< —)? (||s<Xt>||2+ ls(x0) — (X)) + 42— 1) el

IN

IN

IN

. 1
AL2R? ||s(X)||” + 4L2R (|€]° + 4L2R% [|s(X,) — s(X, )| < .
N——" 3LS

<

=
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Therefore,

[s(X;) = s(X )| < 8L2R2(|s(X)|) + 8L2h €|
< 16202 (||sn(Xo)|” + [Is(Xe) — s2(X0)[|?) + 8L2A ||€].

As a result,

E [04(X0) [ls=(X0) = s(X0)|]
< 320202 Eyyr, [[l52]] + 2 (161252 + 1) Bypr, [l = salI°] + 16L2RE [(X0) [I€]1*] -

(I) By Lemma 8,

e | (o)

Er [4}]

i
Ey.r, [|5:)1?] < FI (¢ ||7) + 2Ld = 4 + 2Ld = qF1, (m||7) + 2Ld.

(II) By Lemma 4,

1~
Eyem, [lIs — s41] = TE M s - sll”]

< % (KL (IﬁHP) +log E [exp (A|s — s,r||2)]> % (KL <IP’H > + 5)

By the definition of I@, we can upper bound KL (]IBHIP’> as follows:

~ dP. dP
KL (B|P) = Ep|Jplogs| = E (X)) loge(X))] = Eyr, llogvi]
q—1 q—1
= Ey,r |log ¢ } = Ey,r, log+
v [ E, [67] v E., [¢7]

of ]
(Em [ g—l} )Q/(q—l)

qg—1
- T]Ed)tm

log

a 1
_ a—1
e R q_l}] 108 En o]

t
>0

IN
‘»Q
|
=
&
by
1
[~
=}
&
i
[
|
L)

L (¢pym||7) (Jensen’s inequality)

1
CrsiFl, (|| 7r)

AN
g
—
&
3
a
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(IT1) By Lemma 4,

E [vu(X0) €] = E[I€l*] =E [(lgl - ETIEN + ETIl)?]

2 (E [l€l)” + 2 (¢l — Elel)?)
2 [J€lF] + 168 |3 (lell - E (el

IN

IA

IN

216 KL (B]E) + 1os & s (L 1 - 211

q_
2

1
< 2d+16 [ CrsiF1, (me||m) 4 log 2] :

The last inequality is due to Lemma 9. Therefore, we have the following bound for
Equation (29):

d
aRq (7Tt”7r) <

3 2 —1
-5 32¢°L*h* + 7‘7 (16L2h* +1) a 5~ Clst + 128¢L2h(q — 1)Crsi | F1, (m||7)

2
4 64qL2h2Ld + Tq(16L§h2 +1)e + 32L2hq(d + 8log 2).

To make the coefficient before FI, (m||7) negative, we let

1 2 -1 1 1
32°L20% < =, =L (161207 + 1) Lo=Crg < =, 128¢L2h(q — 1)Cret < =,
6" A 2 6 6
1
which is available if h < ———— since we have assumed L A Ly A Cps; > 1. As a result,
q*L2Cps1

the order of A should be A < ¢*Cgy, since L2h* < 1. In this case,

d |
Ry (mllm) < —4Fl, (mllm) +O (a£2n2La + q—; + L2had)

dt
1 3 9 1
< —=FI, (m]|7) + O + L:hqd when h < —
4 qU1LsI L
1 €
< - R, (m||7) + O + L%h d) LSI).
e (mln) +0 (S had) sy

Therefore,

d t —kh €
— [ ex R, (m]|7) ) < + L2hqd, t € [kh, (k + 1)A].
5 (o9 (G ) Ra(mllm)) 5+ L2had. ¢ € [ b+ 11

[terating, we have

Nh
2qChsr

Ry (mwn|[m) < exp (— ) R, (mol|m) + O (e + CrsiL2hg?d) . (30)
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Remark. We would like to kindly point out a mistake in [WY22, Theorem 4] in the v1
version on arXiv. In the proof of Lemma 11, the first equality after “by Lemma 8” in
upper bounding Aj; is wrong since E,, [¢(z;) HZOHQ] # E,, U|z0||2} =d.

We now use the hypercontractivity argument to improve the dependence on ¢, as is

done in [Che+22]. We consider the case ¢ > 3 and define the time-dependent parameter

G ::1+(q0—1)exp(

5 ) Then similar to Equation (29), we have
LS

3 (S 10w B l011) < =221, (mllm)+ - DE [0 e () = s(x )] - 31

We leave the verification of Equation (31) to the readers. We apply Equation (31)
20,
with go = 2 and for t < Nyh = { Lol log(q — 1)—‘ h. Note that ¢ < gn,n < 2¢q. Then

from the previous proof,

d /1
. _1 Eﬂ_ qt <
at (Qt og [ t]) >

1 2 —1
{_ ‘hzq +(q — 1) (32th§}12 + 5 (16L3h° + 1) & 5—Cst + 128L5h(q, — 1)0Ls1>}
t

2
FI, (m]|m) + (¢ — 1) (64L§h2Ld + X(16L§h2 +1)e + 32L2h(d + 8log 2)) :

1 1 1 1 1
Similarly, if h < A A=< ——" A= and )\ = ¢*Crg, th
1imilar y, 1 ~ qut qu?CLSI L ~ quQCLSI L an q LSI, €1

9 9

+ Lghqd) < + L2hqd,

dt \ ¢ ¢ qCrst qCrst

d /1 -1
el (— log E, [ gt]) < _qt4q FI, (m||7) + O (
which yields

1

dNoh

€ log q

1
log E, [¢?\J/Z0hh} D) log Ex [¢5] S (qCLSI

+ Lghqd) Noh < e + CrsiL2hdglog q.

Finally, shifting time indices and applying Equation (30) to the case of Ry (m¢||7), we
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obtain

Ry (movvopn | )

1
Ravon (movenopn ) = tn =108 En [¢?§§$N0>h}

0

IN

IN

- log E, [qﬁ?]]\vffNo)h] (since gnon > q > 3)
0

3 _
1 log E, [¢3,,] +O (2 - OLSILith)

IN

3 ~ (¢
= ZRQ (7TNhH7T) =+ O (5 =+ CLSILihdq)

3 Nh ~
S — exp <— > R2 (71'0H7T) + O (8 + CLSILihd) + O <E + CLSILihdq>
4 4CLs1 q

3 Nh ~
= —exp <— ) RQ (71'0”7'() + @) (8 + CLSILghdq) .

4 4CLs1
O
B.4 Sketch of Proof of Theorem 4
We first consider a process {X; ~ p;}iecjo,r] defined as a solution to the SDE
dXt = ,LLt(Xt)dt + O'tth,
where (W;)icpo,r is a Brownian motion. Its Fokker-Planck equation is
1
Ope == (V- p)pe = (e, Vi) + 5 (000, V2pr)) - (32)

This is a Cauchy problem for a linear PDE. By Feynman-Kac formula (see, e.g., [[S91,
Chapter 5.7] and [BS02, Part I, Chapter 6.1]), denote {Y,}sco,7] as the solution to the
SDE

dYs = —pr—s(Ys)ds + o(T — s)d B,

in which (B)scp,r) a Brownian motion on (§2, F,P), we have

pr(a) = B [m(ve)exo (- [ v (1)

szx].

We are more interested in log pr(x) than pr(x). Suppose we have a reference proba-

bility measure Q that dominates P, then by Jensen’s inequality,

dP T
logpr(z) > Eq [log a0 +log po(Y7) —/ V- pr—s(Yy)ds
0

Y():x].

To find a suitable Q, we resort to the Girsanov theorem (see, e.g., [KS91, Chapter 3.5]
and [BS02, Part I, Chapter 3.6]). Define a new process (ES)SE[O,T] by dB, = dB, — a,ds,

46



Theoretical Analysis of the Approximation Properties of Score-Based Generative Models

By = 0. (as(w))sejo,r) is a d-dimensional measurable and adapted process satisfying the

I ~
Novikov condition, i.e., Ep [exp <§/ Has||2ds>] < 00. Then (Bj)secjo,r] is a Brownian
0

motion under QQ, which is defined via

d T e
d%:exp(/o asdB;—§/0 Hastds).

Therefore, the lower bound of log pr(x) is

1 T T
g 2(2) > B [logm(Ye) 5 [ lafas = [ 9 (v
0 0

Yo = :c} =: E%(x),
where {Y}scp0,77 is the solution to the SDE
AY, = —(ur_s(Y,) + o(T — s)as)ds + o(T — s)dB,,

where (Es)se[gj] a Brownian motion on (2, F, Q).

By applying Ité’s formula on dlog pr_4(Ys), the variational gap is®

1 T
logpr () —€%(a) = 5 [ Ba [l — 0T Tlogpr )| |¥i = o] .
0

2
For score-based generative learning, by substituting X; < z; in Equation (11) and

Y < ys in Equation (5), we have the desired lower bound and variational gap. O

Remark. Interested readers might ask why we do not deal with log pr directly instead of

taking the variational approach. This is because Equation (32) implies

1
Oilogpr = =V - py — (e, Vlog pr) + <<§owf, V?logp; + (Vlogpt)(Vlogpt)T>> ,

which is a nonlinear PDE. Therefore, we cannot apply the Feynman-Kac formula here.
Similarly, when the SDE is discretized, its Fokker-Planck equation is also nonlinear ac-

cording to Lemma 6, so the variational approach fails.

B.5 Sketch of Proof of Theorem 6

We sketch the proof of the first part and refer the readers to [Che+23b, Appendix E,
Lemma 21] for the proof of the second part.

Note that when applying Girsanov theorem, the new measure’s marginal at ¢t = 0 is
the same as the old one’s. So the main idea of proving Theorem 6 is to utilize the sampling
process initialized at gr as a bridge connecting the real sampling process (initialized at v,)

and the backward SDE initialized at gr. We decompose the TV distance (which is upper

8The variational gap given in [HLC21, theorem 4, (18)] has two small mistakes: it does not incorporate
the factor 1/2, and taking conditional expectation on {Yy = x} is missing.
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bounded by KL divergence using Pinsker inequality) between the sampling distribution
and the data distribution into two parts, and bound them by data-processing inequality
and Girsanov theorem, respectively.

We consider the standard Wiener space (Q, F, (Fo)eepo,n)s Q), where Q = C ([O, T}, Rd),
and (B; : w = wy)iepo,r) is a d-dimensional Brownian motion under Q. Denote Q; := Q|,,
a measure on (€2, ;). We define a process (X;)¢cpo,r by the SDE

dX; = (X, + 2V log gr_(X;)) dt + v2dB,, Xy ~ qr. (33)

Thus, under Q, the joint law of (X;)icpo,r is the same as the law of the time reversal of
OU process. More specifically, the Lebesgue density of X; under Q is g7_;.

We hope to find a probability measure P under which the transition kernel of (Xy)icpo,r|
is the same as the one of the sampling process, i.e., there exists a Brownian motion
(Bt)ieo,r) under P such that

dX; = (X, + 257 (X, )) dt + V2d},. (34)

Comparing Equations (33) and (34), it suffices to define P in the following way: first,
the process

by == V2 (ST—t_ (X;_) —Vlog QT—t(Xt)) , t€[0,T]
T
is square-integrable in the sense that Eq {/ Al dt] < oo (see Equation (35)). There-
0

t
fore, its Ito integral <£t = / bsdBS) is a square-integral continuous martingale,
0 t€(0,T)

and we denote its related exponential supermartingale

t 1 t
(5(£)t ‘= exp [/ bsdBS——/ ||b5||2dsD .
0 2 Jo te[0,T]

If the assumptions of Girsanov theorem are satisfied, then IP defined by @ =E(L),
Fi
is a probability measure under which the transition kernel of (Xt)te[o,T} is the same as the

one of the sampling process, which means (X¢):cjo,7] is the sampling process initialized at

(note that dr
gr (note that —
T aQ| .
P, := P|z and p{" as the Lebesgue density of X; under P. Now we can derive the KL

=1, hence Xj has the same law under both Q and P). We denote
divergence between Q; := Q|z and P; := P|x:

Q 1 {T 21
) bl dt ] .
fJ sEo | [ Il

KL (Qr[|Pr) = Eq

1 =
8 P
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By a careful analysis, we obtain

1

T
5 Eo [/ 110¢||? dt} < (8% + LPdh + L*m3h*) T, (35)
0

which does not depend on the validity of Girsanov theorem. We omit its proof here.
Recall that we have assumed that the conditions for using Girsanov theorem are
satisfied, i.e., £(L) is a martingale under Q. However, in general, it is only a continuous

local martingale, so there exists a sequence of stopping times T,, /T such that E(L). a1, =
t

E (L") is a martingale, where L} := / bs Ijo.1,,)(s)dB,. We now apply Girsanov theorem
0

dpPn

dQ

to L": there exists a probability measure P" defined by = & (L"),, under which

Fi

¢
(6? = B, — / b ]I[()’Tn}(s)d8>
0 te[0,7]

is a Brownian motion. Consequently,

dX = [(X; +2s7— (X,)) Tom(t) + (Xy + 2V 1og gr—o(X1)) Lo, ()] dt + V2d 37"

Till now, we have been considering the same process (X;)¢cpo,r) under different prob-
ability measures Q and P". Now we consider coupling different processes together under
the same probability measure to get some properties in sample path. Denote the Wiener
space (€2, F,P) and d-dimensional Brownian motion (W}):cjo,r) under P. Define new pro-
cesses via the following SDEs starting from the same initialization X = X, with density

gr under P:

dX; = [(Xf + 2574 (Xfﬁ)) ]I[oan](t) + (X7 + 2V log gr—+(X})) Lz, 7 (t)} dt + \/§th;
dX, = (5(} n 2sT,t_()~(t_)) dt + V24w,

then

(X™),P = X,P", (X),P = X,P. (36)

Here, we only use the notation X;P as a whole to represent the joint law of the sampling
trajectory, since P may not exist in the general case.

Define a Borel mapping on 2 = C' ([O, Ty, Rd) viam. : f. = foar—e) forsomee € (0,7).

Since P (Xf =X, te [O,Tn]) =1, it is easy to verify that
P(w: m(X"(w) = (X)) on [0,7)) = 1,

which implies (7.);((X™)4P) — (7.):((X)4P), using [AGS08, Lemma 5.2.1]. Therefore,
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KL ((72)s (X, Q) [ (72 )5 (X IP))

KL ((m)s(X,Q)||(m)s((X)P))  (By Eauation (36))

liggf KL ((72)3(X3Q) || (72) s ((X™)4P)) (Lower semicontinuity of KL)
~ lminfKL (r);(5Q)I(m); (") (By Equation (30))

VAN

< liminf KL (Q||P") (Data-processing inequality)
n—oo

T o I TR
= lminf5Eq | | |0

(e + L?dh + L*m3h*) T (By Equation (35), and T,, < T).

AN

We refer the readers to [AGS08, Lemma 9.4.3] for the lower semicontinuity of KL di-
vergence and [AGS08, Lemma 9.4.5] or [Che22, Theorem 1.5.3] for the data-processing
inequality. Since 7. pointwisely converges to the identity as € — 0, by [AGS08, Corollary
9.4.6],

lim KL ((7.)2(X,Q) (7. ):( X.2)

KL (X;Q[| X;P)

KL ((X7)3Q||(X7)4P) (Data-processing inequality)
= KL (qllp7) -

v

We have almost achieved the desired result. We have bounded KL (¢o|[p¥). Note that
py and pr are the distribution of X by running Equation (34) starting from Xy ~ ¢r
and Xy ~ 74 respectively, so the data-processing inequality implies that KL (pf"||pr) <
KL (g7|74), which can be bounded by Lemma 1. Unfortunately, neither the KL divergence
nor its square satisfies the triangle inequality. As a result, we have to resort to Pinsker

inequality and using the triangle inequality of TV distance:

TV (q,pr) < TV (g0, %) + TV (piF, pr)
< KL (@lpg) + /KL (0% lpr)
< <5 + LV dh + Lm2h> VT + /KL (qol|va)e

]

Remark. We would like to kindly point out a minor error in the approximation argument
in [Che+23b, Appendix B.2|, starting from the first line on page 17: P" is not the
law of the solution to the SDE (17), and constructing a “coupling” of P" and P}" is
actually constructing a coupling of the laws Xy;P" and XyP;". The error comes from
misunderstanding the distribution (or law) of a random variable or stochastic process:
the distribution of a random variable X on (2, F,P) is XyP instead of P. For this reason,
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we rewrite the approximation argument in detail in this paper.

B.6 Sketch of Proof of Theorem 7

Similar to Theorem 1, we define three processes, namely: {Z;} is the time reversal of
the forward process, {x;} is the sampling process, and {z;} is the sampling process but

with an L®°-accurate score.

1

dz; = =Br¢ (@7 +2Vlogqr¢(T})) dt + \/Br_dWs, TF ~ g = qr_;
de, = 071 (fEt + 2574 (l’t_)) dt + +/Br—dW4, Tt ~ Pt;
dz, = §ﬂTft (Zt + 2bp_4 (Zt_)) dt + /Br_dW, Zy ~ U, (Mo < Do),

where

bt = S¢ ]IBE + VIqutHB” Bt = {HSt — VlOthH > 500’15}

for some e.,. that will be determined later. Using Lemma 2,

n—1
TV (i, ve,) < Y \/X2 (v, || @) + 1\/612; (Br—4,)-
k=0

d
To bound y? (l/tqu;;), it suffices to upper bound &Xz (|l ), which can be calcu-

d
lated via the Fokker-Planck equation. The main challenge of bounding T X2 (velg7) lies

in upper bounding KL (¢,p;||¢;”), where ¢, = p—i and ) = ————

E.« [¢?]

Previously, in [LLT22], the authors assum%td that the target[(f{i]stribution Pdata = o
satisfies Cgi-LSI, so all ¢;’s satisfy LSI with a constant depending on ¢, ;, and Crgy (see
[LLT22, Lemma E.7]). Given this assumption, bounding KL (¢:p:||¢;~) is a simple task
as in the proof of Theorem 1.

Nevertheless, it takes a great effort to remove this assumption. The proof in [LLT23]

circumvents this assumption via the following argument:

1. Slightly modify the target distribution pgata = o into a new distribution g, =
Z w;G; o, where w;’s are weights summing up to 1 and each probability distribution

i=1
4,0 satisfies Co-LSI, while x? (y|/qo) is sufficiently small ([LLT23, Lemma 5.2]).

2. From now on, take g, as the target distribution, and denote g~ = G,_, as the law
of x7_; when running the forward SDE (Equation (5)) with initialization z ~ .
Upper bound KL (¢yp;||g;”) using the properties of LSI ([LLT23, Lemma 5.1]).

3. Prove that by replacing the target distribution ¢y with g,, the change in the score
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is insignificant in the sense of L% More precisely, upper bound
Eg, [[[V1ogg, — Viogql] and g, (||s: — V1ogq,| > ex)

with terms involving x? (q/|q0).

4. Finally, derive an upper bound of x? (uthq;: ) By relaxing chi-square divergence
to TV distance and properly choosing the parameters, we can arrive at the desired

result.

B.7 Sketch of Proof of Theorem 9

Note from the proof that if we want to use Girsanov theorem, then we must consider
the sampling process initialized at ¢, and convert to the real sampling process by Pinsker
inequality. To avoid this issue, we can directly upper bound KL (¢o = ¢y ||pr) using the

data-processing inequality and the chain rule of KL divergence (Lemma 5),

L (g5 lpr) < KL (g50||pro) = KL (¢ llpr) + Egs (o) [KL (Q<T_|o('|a)||pT\o('|a)>} (37)

The first term is KL (¢r||74) and can be bounded by Lemma 1. Using the same argument

again,
Eos-(a) [KL (a70(-1a)|[prio(-]a)]
< Ey o [KL (hg0( 010)||pregioC-, ola))
= g KL (6500l [pyo(ela)) + Egg or0) [KL (a5 0 1bla) [prigio(-141a) ]|
= Eypo [KL (a5jo(0la) [pgro(el)) ] + By, [KL (a5 (10)[prig ()]

The last step is due to Markov property. Iterating, we have

N-1
Eys @ [KL (g0 1) [prioC1a)] < 3 Bog o) [KL (a1, () [Py (L) ] - (38)
k=0

d
Suffice it to bound aKL (qé@(ﬁa)‘
lated using the Fokker-Planck equation (Lemma 6), and then taking integral. The only

pt‘t%(-|a)> for ¢ € [t},, t},,1], which can be easily calcu-

problem is the boundary condition: we expect that

tli\g}k KL <qtﬁ;€(-|a))

pt|t;€(-|a)> =0, for qz-a.s. a, (39)
since as t \ t}, both distributions converges to d,. To prove Equation (39) rigorously,

[CLL22] considered bounding the path measure using Girsanov theorem. More specifically,

consider the Wiener space (Q2, F, (Fi)wef 1+, Q) for some 0 < e <t —t} =ty 4 —
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tn—k—1 and (Bi)iejs, 1 14 is @ Brownian motion. (Xi)ie(y # 4 satisfies the SDE
1
dXt = (éXt + VIOg q’T—t(Xt)) dt + dBt, )(15;v = a, @—a.s.

Define the process (6t)t€[t;€ 1 +¢ by

dp, = dB; — (ST—t; (a) = Vlog QTft(Xt)) dt; ﬁt;c =0, Q-as.

J/

TV
=Y

Then, if the Novikov condition holds, i.e.,

1 t;chE 5
exp | 5 [Yal|"de | | < oo, (40)
t

we can define a probability measure P via

t 1 t
= exp /stBs——/ V517 ds |,
F t, 2y

under which (@)te% { +4 is a Brownian motion and

Eq

dP
dQ

1
dX; = (5 ¢t + STt@(@) dt +dg;, t € [ty, 1), + €l; Xy =a, P-as.

As a result, we can easily upper bound the KL divergence:

KL ((X1):Q(X:)4P)

KL (gify (o)

pueg (1a))

< KL (Qy|Py) (data processing inequality)
1 t;CJrE
~ 3Eo|[ " I Lads
2 "
— 0 (t\0) (monotone convergence theorem).

It remains to verify the Novikov condition (Equation (40)). By |ju + v]||* < 2 (Hu“2 + o)1),

it suffices to show that for a.s. a ~ q;l = Qy_p

t;che )
exp / 1V log (X)) dt
"

i t) +e )
= E|exp / IV 1og gr—i(yr—)||” dt

’
tk

I IN—k 9
= E |exp / |V log q:(y:)||” dt
L tN_k—€

Eq

Yr—, = a]

?
Yin p = a] < 00.
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By taking integral, this motivates us to prove

IN—k 9
exp / IV log g (40)]* dt
tN_k—€

E

IN—k
= / E [exp (|[V1og ¢:(y:)*)] dt
tN_k—€
tN_k 00 1 N ?
B lN—k—e gﬂ EE [HVIog qt(yt)” } dt < oo.

Since Yo ~ Pdata and y¢|yo ~ N (Oztyo, af[ ), if we denote the conditional distribution of g
given y; = y as qoj(-|y)”, then by Bayesian rule,
Yo — Yt
Viog qi(y:) = quu(yolyt) [ o2 ] :
¢
This result is similar to the Tweedie lemma [Efr11]. By writing the score in the form of

conditional expectation, we can use Jensen inequality:

B 2n
n Yo — Y
E[|Viog g @)l™] = Eguw) Hqu.twyn [—Uz ] ]
t
B o y y 2n
tyo — Yt
< ]eq(yt) I[‘qun(yolz,/t) [ Jtz ]]

= Eeono,r) [Hf/UtH%}

IN—k > 1 n .1 n
S A OOE I TAT) ERERS SR L [Ny

N—k—€

2
= Eewvion [eng/"twk* ] < oo0.
Thus, Equation (39) is established, and one can readily derive an upper bound of KL (¢ ||pr)
via the decomposition Equations (37) and (38). The technical difficulty that arises after-

wards mainly lies in bounding the score difference

ti
/ E [||V log gy, (v) — V log ax(y)|12] i,

th—1

which contains discretization in both time and space. [CLL22] overcame this issue by
representing the score as conditional expectation and absorbing the time-discretization
error into the space-discretization error. We refer the readers to [CLL22, Lemma 11] for
further details. O

2
lewyo — el

57 ) Pdata(dyo). We do not require pqat, to have a
O

9Interpreted as qo|¢(dyolye) ocy, exp <

Lebesgue density.
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C Supplementary Lemmas

Lemma 1 (Exponential Convergence of the Marginal Distribution of VPSDE). The
marginal density of the VPSDE (Equation (7)) satisfies

S 1 S
KL Gal0) < exp (= [ ) KL Gulha)s Walanna) < exp (5 [ 6udo) Watan )
0 0

provided KL (go||74) < 0o and qo € Po(R?).

Proof. We first consider the OU process
dy, = =g, dt + vV2dW,, g, ~q, (@ + )-

The OU process is the Langevin dynamics with stationary distribution 74, and {g, }+>o is
the Wasserstein gradient flow of KL (+||4) (see, e.g., [Che22, Chapter 1]). Since 74 is 1-
strongly-log-concave, it satisfies 1-LSI, which implies KL (g,||74) < e *KL (g, ||74). Also,
due to the contraction of Langevin dynamics, Wa(q,, va) < e "Wa(qy,v4). By comparing

the transition distribution of these two processes {y;} and {7,}, we can see that ¢s = G,

1 S
where t = 3 / Budu, which finishes the proof. n
0

Remark. [CLL22, Lemma 9] generalized the convergence result in KL divergence to all
qo € Po (Rd)

Lemma 2 (L* — L” Bridging Lemma ([LLT22], Theorem 4.1)). Let (Q, F,{Fn},50,P)
be a filtered probability space. Suppose {)?n ~ pn} s AXn ~ T bso, and {Zn ~ vnt,5
are {fn}nzo—adapted stochastic processes, and B, gzgl, n > 0 are sets such that for every
n>1,if Z, & By for all0 < k <n — 1, then X,, = Z,. Denote x> (Vp||pn) = D? and
P <)?n € Bn> =0,, then

i
—
3
|

—

TV () < S A/(D2+1)8, TV (p, ) < Dy + (D? + 1)6.

0 k=0

i

Proof. Since TV (p,v) = inf  E(py)oy [Lazyl,

ye(p,v)

TV (Tn,vn) < P(Xp # Z,) < P (D {Zi € Bk}> < ni P(Zr € By) = < E,, F_k ]IBk] :
k=0

By Cauchy-Schwartz inequality, it is bounded from above by

n—1
]Epk
k=0

Using triangle inequality of TV distance and x? (p||q) > log (1 +x? (p||q)) > KL (p|lq) >

(%)2] ) N (Ep [I5])"* = "Z—l (D2 4 1)6.

k=0
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2TV (p, q)2 (the second inequality is a simple result of Jensen inequality and the third is
Pinsker inequality),

]

Lemma 3 (Evolution of Wasserstein-2 distance along probability paths). Consider two

probability trajectories { pgi)} C Pg(Rd), with continuity equations 8tp§i)—l—v- (pﬁ%g') =
>0

0,2=1,2. Then

d o () ()
&Wz (Pt ,P> = <—2 (T, —id) ,v; >p(i) ,
1 2 1 2
aWQQ <p§ )7p1(€ )> = 2E(m,y)~l’[* (pgl)wf)) |:<CC - y7vlg )(ZL') - UIS )(y)>i| )

where p € Py(RY).

Proof. The proof is via Wasserstein gradient. See [Che22, Section 1.4] for a detailed

review. O

Lemma 4 (Donsker-Varadhan Variational Principle for KL Divergence).
KL (ullv) = sup { E, [g] —log E, [e*]},
geM

where M means the set of measurable functions.

Lemma 5 (Chain Rule of KL Divergence). Given two probability measures p, v € P(X; X
Xo) with i < v, let py (1) be the Xi-marginal of p (v) and pop(-|-) (vonn(-|-)) be the

conditional distribution for p (v) on Xy conditional on Xy. Then

KL (ullv) = KL (1) + By [KL (pizn (1) [Jr2pn (f21))] -

Proof. See [Che22, Lemma 1.5.5] or [CT05, Theorem 2.5.3]. O

Lemma 6 (A Generalization of Fokker-Planck Equation). Consider the SDE

dZt = F(Zt, Zt_,t,t,)dt + G(t)th, Zt ~ [t

t
where t — t_ € [0,t] is a piece-wise constant non-decreasing function (e.g., t_ = LEJ h

for some h > 0), F € RY, and G € R™. Then yu, satisfies the following continuity

equation:

D+ V - [ut (E [z, 2t )|z = ] — %G(t)G(t)TVIOg m)} 0.

56



Theoretical Analysis of the Approximation Properties of Score-Based Generative Models

Remark. Note that the limiting case of Lemma 6 as h converges to 0, i.e., t_ = t, is the
usual Fokker-Planck equation for SDEs. The theorem is first proved in [VW19, Equa-
tion 31] for the Langevin diffusion with Euler-Maruyama discretization (see also [Che22,
Chapter 4.2] for a proof). [LLT22, Lemma A.1] then proved the theorem for general
SDEs.

Lemma 7. For p,q € Pg,ac(Rd),

E(z )11 (p.g) [( — ¥, Vog p(z) — Viogg(y))] > 0.

Proof. Denote V¢ the OT map from p to g, where ¢ is a strongly convex function. Then
V¢* = (Vp)~ ' is the OT map from ¢ to p. Therefore,

B (2)~11(n,q) [(& — y, Vog p(z) — V1og q(y))]
_ / pla) & — Vo(z), Vlog p(x)) dz — / 1) (V& (y) — 3, Vioga(y)) dy

N / p(z)(d — Ag(z))dx + / q(y)(Ad*(y) — d)dy
= [ 0) (B6(0) + A6 (V(w)) — 20) da
= /p(m) (tr (V%(m)) + tr (V2¢(x)_1) — Qd) dz > 0.

Note that the second equality is using integral by parts and the last equality is derived
from

V' (Vo(z)) = 2 = V*¢*(Vé(x)) Vig(z) = I.

The final step can be proved by taking eigenvalue decomposition of V?¢(z) = PAPT,
where P is orthogonal and A = diag(\y, ..., \¢). In this case, V?¢(z) ™' = PA™'PT. Since

¢ is strongly convex, VZ¢(x) is positive semidefinite and )\; > 0. Therefore,
d

tr (V2¢(x)) +tr (V2p(z)™") = (Ai + %) > 2d.

=1

O

Lemma 8 ([Che+22], Lemma 16). If P(RY) > 7 o eV and VV is 3-Lipschitz, then for
all p <L m,
E,. [IVVI]]] <FI(u|r)+28d.

Lemma 9 (Gaussian Concentration Bound). If £ ~ N (0, 1), then

E [exp (el - 2067 | <2

o7
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Proof. By [Wail9, Theorem 2.26], since ||-|| is 1-Lipschitz, we have
P (lEll - EIEN = ) < e /% &> 0.

Therefore,

B [oxn (5 (- E01€ID*) | = [~ (o (5 01 - EDle?) 2 ) a

_ 1+2/ IP’(HSH—E[HSH]E\/Slogt)dtgl—yz/ St =2 <2
1 1
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